There never was in
the world two opinions
alike, no more than two
hairs or two grains; the
most universal quality
is diversity.

—Michel de Montaigne

Ifeel like a fugitive from
the law of averages.
—Bill Mauldin

Measures of Dispersion

LEARNING OBJECTIVES

After studying this chapter, you should be able to
¢ provide the importance of the concept of variability (dispersion).

¢ measure the spread or dispersion, understand it, and identify its causes to
provide a basis for action.

4.1 INTRODUCTION

The measures of central tendency describe that the values in the data set tend to spread
(cluster) around a central value called average. But these measures do not reveal how these
values are spread (dispersed or scattered) on each side of the central value. Just as central
tendency can be measured by a number in the form of an average, the amount of variation
(dispersion, spread or scatter) among the values in the data set can also be measured. The
dispersion of values is indicated by the extent to which these values tend to spread over an
interval rather than duster closely around an average.

The statistical techniques to measure the extent to which values in the data set tend
to spread are of two types:

(i) Techniques that are used to measure the extent of variation or deviation of each
value in the data set from a measure of central tendency, usually the mean or
median. Such statistical techniques are called measuzes of dispersion (or variation).

(ii) Techniques that are used to measure the direction (away from uniformity or
symmetry) of variation in the distribution of values in the data set. Such statistical
techniques are called measures of skeuness (see Chapter 5).

Identifying the causes and then measuring the dispersion is useful to draw statistical
inference (estimation of parameter, hypothesis testing, forecasting and so on). A small
dispersion among values in the data set indicates that values in the data set are clustered
closely around the mean, implying that the mean is a reliable average. Conversely, if values
in the data set are widely clustered around the mean, then this implies that the mean is not
a reliable average, i.e. mean is not representative of the data.

The symmetrical distribution of values in two or more data sets may have same
variation but differ in terms of A M. as shown in Fig 4.1. On the other hand, two or more
data sets may have the same A.M. values but differ in variation as shown in Fig. 4.2.
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Ilustration Suppose over the six-year period the net profits (in percentage) of two firms
are as follows:

Firm1l : 5.2, 4.5, 3.9, 4.7, 5.1, 5.4
Firm?2 : 7.8, 7.1, 5.3, 14.3, 11.0, 16.1

Since average amount of profit is 4.8 per cent for both firms, therefore both the
firms are equally good and that a choice for investment purposes must depend on other
considerations. However, in case of Firm 2, net profit values are varying from 5.3 to 16.1
per cent, i.e., difference among the values is more while the net profit values of Firm 1
are varying from 3.9 to 5.4 per cent, i.e., difference among the values is less as compared
to Firm 2. In other words, net profit values in data set 2 are spread more than those in
data set 1. This implies that the performance of Firm 1 is consistent as compared to Firm
2. Consequently, for investment, a comparison of the average (mean) profit values alone
should not be sufficient.

4.2 SIGNIFICANGE OF MEASURING DISPERSION

The following are some of the purposes for which measures of variation are needed.

s Test the reliability of an average: Measures of variation help to understand the
extent an average represents the characteristic of a data set. If the extent of
dispersion of values is less on each side of an average value, then it indicates high
uniformity among values in the distribution. On the other hand, if the variation is
large, then it indicates a lower degree of uniformity among values in the data set,
and the average value may be unreliable.

o Control the variability: Measuring variation helps to identify the nature and causes
of variation. Such information is useful in controlling the variations. According to
Spurr and Bonini, In matters of healih, variations in, body temperature, pulse beat and
blood pressure are the basic guides to diagnosis. Prescribed treatment is designed to control
their variation. In industrial production, efficient operation vequires control of quality
variation, the causes of which are sought through inspection and quality conirol programmes.
In social science, the measurement of ‘inequality’ of distribution of income and
wealth requires the measurement of variability.

1
Figure 4.1
Symmetrical Distributions with
Unequal Mean and Equal
Standard Deviation

Figure 4.2

Symmetrical Distributions with
Equal Mean and Unequal
Standard Deviation
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Figure 4.3
Classification of Measures of
Variation

e Compare two or more sels of data with respect to their variability: Measures of
variation help in comparing variation in two or more sets of data with respect
to their uniformity or consistency. For example, (i) measurement of variation
in share prices and their comparison with respect to different companies over a
period of time, and (ii) measurement of variation in the length of stay of patients
in a hospital helps to set staffing levels, number of beds, number of doctors, and
other trained staff, patient admission rates and so on.

o Facilitate the use of other statistical techniques: Measures of variation facilitate
the use of other statistical techniques such as correlation and regression analysis,
hypothesis testing, forecasting, quality control and so on.

4.21 Requisites for a Good Measure of Variation

Certain essential requisites that help in identifying the merits and demerits of individual
measure of variation are as follows:

(i) Should be based on all the values {(elements) in the data set.

(ii) Should be calculated easily, quickly and accurately.
(iii) Should be unaffected by the fluctuations in sample size and also by outliers.
(iv) Should be further mathematical or algebraic changes are possible.

4.3 CLASSIFICATION OF MEASURES OF DISPERSION

Measures of dispersion (or variation) based on the purpose of measuring are classified into
two categories:

1. Absolute measures: These measures are described by a number (or value) to
represent the amount of variation (or difference) among values in a data set. Such
a value is expressed in the same unit of measurement such as rupee, inch, foot,
kilogram, ton, etc., as the values in the data set. Such measures help in comparing
two or more sets of data in terms of absolute magnitude of variation, provided
variable values are expressed in the same unit of measurement and have almost
the same average value.

2. Relative measures: These measures are described as the ratio of a measure of
absolute variation to an average and is termed as coefficient of variation. The word
‘coefficient’ means a number that is independent of any unit of measurement.
While computing the relative variation, the average value used as base should be
the same from which the absolute deviations were calculated.

Another dassification of the measures of variation is based on the method used for
their calculations:

(i) Distance measures
(ii) Average deviation measures

Measures of Variation

Algebraic Graphic
(Absolute and Relative) (Lorenz Curve)
Distance Measures Average Deviation Measures
Range and Interquartile Range = Mean Absolute Standard Deviation
its Coefficient or Deviation and its ~ Deviation and its and its Coefficient

Coefficient Coefficient
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T
The distance measures describe the spread or dispersion of values of a variable in

terms of difference among values in the data set. The average deviation measures describe

the average deviation for a given measure of central tendency.
The classification of various measures of dispersion (variation) is shown in Fig. 4.3.

4.4 DISTANGE MEASURES

The distance measures are further classified into two following categories:

(i) Range
(ii) Interquartile deviation

441 Range

The calculation of range as a measure of dispersion is based on the location of the largest

and the smallest values in the data. Thus, range is defined as the difference between the Range: A measure of
largest and lowest observed values in a data set. In other words, it is the length of an variability, defined to be
interval which covers the highest and lowest observed values in a data set and measures the difference between

the dispersion or spread within the interval. the largest and lowest
values in the data set.

Range (R) = Highest value of an observation - Lowest value of an observation
=H-L 4-1)

For example, if the smallest value of an observation in the data set is 160 and largest
value is 250, then the range is 250 - 160 = 90.

For grouped frequency distribution of values in the data set, the range is the difference
between the upper class limit of the last class and the lower class limit of first class. In this
case, the range obtained may be higher than as compared to ungrouped data because class
limits are extended slightly beyond the extreme values in the data set.

Coefficient of Range

The relative measure of range, called the coefficient of range, is obtained by applying the
following formula:

Coefficient of range = H <L, 4-2)
H+L
Example 4.1: The following are the sales figures of a firm for the last 12 months
Months 1 2 3 4 5 6 7 8 9 10 11 12
Sales
F'000) : 80 82 82 84 84 86 86 88 88 90 90 92

Calculate the range and coefficient of range of sales for the last 12 months.
Solution: Given that, H = 92 and L. = 80. Therefore,

Range = H-L =92-80 =%12
H-L _92-80_ 12

— = 0.069

and Coefficient of range = —— =
H+L  92+80 172

Example 4.2: The following data show the waiting time (to the nearest 100th of a minute)
of telephone calls to be matured:

Watling Time Frequency Waiting Time Frequency

(Minutes) (Minutes)
0.10-0.35 6 0.88-1.13 8
0.36-0.61 10 1.14-1.39 4
0.62 - 0.87 8

Calculate the range and coefficient of range for telephone calls to be matured.
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Solution: Given that, H = 1.39 and L = 0.10. Therefore,
Range = H-L = 1.39-0.10 = 1.29 min
H-L 1.39-0.10_ 1.29

= =—— =10.865
H+L 1.39+0.10 1.49

and Coecfficient of Range =

Advantages, Disadvantages and Applications of Range
Advantages

1. The measurement of range is independent of the measure of central tendency and
easy to calculate and understand.

2. The knowledge of range is useful in cases where the purpose is only to know the
extent of extreme variation, such as quality control limits, temperature, rainfall
and so on.

Disadvantages

1. The calculation of range is based on only two values—largest and smallest in
the data set. Thus, the value of range is influenced by two extreme values and
completely independent of the other values. For example, range of two data sets
{1,2,3,7,12} and {1, 1, 1, 12, 12} is 11 but the two data sets differ in terms of
overall dispersion of values

2. The value of range is sensitive to changes in sample size, i.e., different samples of
the same size from the same population may have different ranges.

3. Range cannot be computed for open-ended frequency distributions because no
highest or lowest value exists in such cases.

4. The value of range does not describe variation among values between highest and
lowest value in a given data set. For example, each of the following data set

Set 1 9 21 21 21 21 21 21 21
Set 2 9 9 9 9 21 21 21 21
Set3 9 10 12 14 15 19 20 21

has a range of 21 - 9 = 12, but the variation of values between the highest and
lowest values is different in each case.

Applications

1. The knowledge of range is useful in the study of small variations among values in a
data set. Variation (fluctuation) in share prices and other commodities that are very
sensitive to price changes from one period to another may easily be understood by
calculating the range of such variations (fluctuations).

2. Quality control is exercised by preparing suitable control charts. The control charts
are prepared on setting an upper control limit (range) and a lower control limit
(range) within which quality of products is acceptable. The variation in the quality
beyond these ranges requires necessary remedial actions.

3. For weather forecasts, the knowledge of range (difference between maximum and
minimum temperature or rainfall) is important.

4.4.2 Interquartile Range or Deviation

Interquartile Range: A The limitations or disadvantages of range can partially be overcome by using another

measure of variability, measure of variation called Interquartile Range or Deviation (IQR). The IQR measures

defined to be the the spread within middle half of the values in the data set so as to minimize the influence

differericebomwecrithe of outliers (extreme values) in the calculation of range. Since a large number of values in

quartiles Q, and Q,. the data set lie in the central part of the frequency distribution, it is necessary to study the
Interquartile Range (also called mid-spread).
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To compute IQR, data set is divided into four parts each of which contains 25 per cent
of the observed values. Thus, interquartile range is a measure of dispersion or spread of values in
the data set between the third quartile, Q; and the first quartile, Q. In other words, the interquartile
range or deviation is the range for the middle 50 per cent of the data set. The concept of
IQR is shown in Fig. 4.4:

Interquartile range (IQR) = Q4 - Q, (4-3)
Half the distance between Q, and Q) is called the semi-interquartile range or the quartile
deviation (QD).

Quartile deviation (QD) = % (4-4)

The median is not necessarily midway between Q}; and Q,, although it is true for a
symmetrical distribution. The median and quartiles divide the data set into equal numbers
of values but do not necessarily divide the data into equally wide intervals.

The quartile deviation (QD) measures the average range of 25 per cent of the valuesin
the data set. It is computed by taking an average of the middle 50 per cent of the observed
values rather than 25 per cent part of the values in the data set.

l«——— Interquartile range ——»|

t+ 25% of values —=t=— 25% of values |
Lowest Quartile 1 (Q;) Quartile 2 (Qs) Quartile 3 (Q3) Highest
value (Median) value

In a symmetrical distribution, the two quartiles Q, and Q, are at equal distance from
the median, i.e., Median - };, = Q, — Median. Thus, Median + Quartile Deviation covers
exactly 50 per cent of the observed values in the data set.

A smaller value of quartile deviation indicates high uniformity (or less variation)
among the middle 50 per cent values around the median value. On the other hand, a high
value of quartile deviation indicates large variation among the middle 50 per cent values.

The median and quartiles divide the data set into equal parts of values but not
necessarily into equally wide intervals.

Coefficient of Quartile Deviation

Since quartile deviation is an absolute measure of variation, therefore its value gets affected
by the size and number of observed values in the data set. Thus, Q.D. of two or more than
two data sets may differ. Due to this reason, to compare the degree of variation in different
data sets, we compute the relative measure corresponding to Q.D., called the coefficient
of Q.D. as follows:

Coefficient of QD = S~ (4-5)
Qs+ Q
Example 4.3: Following are the responses from 55 students to the question about how
much money they spent every day.

55 60 80 80 80 35 85 35 90 90 90
90 92 94 95 95 95 95 100 100 100 100
100 100 105 105 105 105 109 110 110 110 110
112 115 115 115 115 115 120 120 120 120 120
124 125 125 125 130 130 140 140 140 145 150

Calculate the range and interquartile range and interpret your result.

Solution: Since number of responses are 55 — an odd number, therefore median of the
given values in the data set is: (55+1)/2 = 28th value which is 105. This means there are
27 values at or below 105 and another 27 at or above 105.

The lower quartile (), = (27+1)/2 = 14th value from bottom of the data, i.e. ), = 94
and upper quartile is the 14th value from the top, i.e. Q4 = 120. The 55 values have been
partitioned as follows:

Figure 4.4
Interquartile Range
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13 values Qy 13 values 13 values Qs 13 values
le——— Interquartile range ——»

Range

The interquartile range (IQR) is: 120 — 94 = ¥26, while the range is, R = 150 - 55
= ¥95. The middle 50 per cent values of data set fall in a narrow range of only 326.
This means responses are densely clustered near the centre of the data and more spread
towards the extremes. For instance, lowest 25 per cent of the students had responses in
the interval 55 to 94, i.e. ¥39, while the next 25 per cent had responses in the interval 94
to 105, i.e. T11. Similarly, the third quarter had responses in the interval 105 to 110, i.e.
%5, while the top 25 per cent had responses in the interval 120 to 150, i.e. ¥30.

Example 4.4: Use an appropriate measure to evaluate the variation in the following data:

Farm Size (acre) No. of Farms Farm Size (acre) No. of Farms
below 40 394 161-200 169
41-80 461 201-240 113
81-120 391 241 and above 148
121-160 334

Solution: Since first and last intervals in the frequency distribution are open-end class
intervals, ().D. is an appropriate measure to evaluate variation. The computation of Q.D.
is shown in Table 4.1.

Table 4.1 Calculations of Quartile Deviation

Farm Size (acre) No. of Farms Cumulative Frequency (cf)
(less than)
below 40 394 34
41-80 461 856 « Q, class
81-120 391 1246
121-160 334 1580 « Qg class
161-200 169 1749
201-240 113 1862
24] and above 148 2010
2010

Q, = Value of (n/4)th observation = 2010/ 4 or 502.5th observation
This observation lies in the class interval 41-80. Therefore,

/4) —
Q|=Jf+—{ﬂ j{ cth

+ 502.5—- 394
461

Value of (3n/4)th observation = (3 X 2010)/4 or 1507.5th observation

= 4] x40 =41 + 941 = 50.41 acres

Qs

This observation lies in the class interval 121-160. Therefore,
Q1+ =L,

1507.5 - 1246 o
334

=121 + 0=121 + 31.31 = 152.31 acres
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and

Thus, the quartile deviation is given by

_ Qs-0Q _152.31-50.41

.D.
= 2 2

50.95
202.72

Coefficient of Q.D. = Qs —Qi _
Qs+

Advantages and Disadvantages of Quartile Deviation

Advantages

= 50.95 acres

= 0.251

1. Easy to calculate but useful only to evaluate variation among observed values

within the middle of the data set.

2. Value is not affected by the extreme (highest and lowest) values in the data set.

3. An appropriate measure of variation for a data set having open-ended class

intervals.

4. Since it is a positional measure of variation, it is useful in case of highly skewed
distributions, where other measures of variation get affected by extreme values in

the data set.

Disadvantages

1. Instead of all observations, the value of Q.D. is based on the middle 50 per cent
values in the data set, it cannot be considered as a good measure of variation.

2. The value of ).D. is not affected by the distribution of the individual values within
the interval of the middle 50 per cent values in the data set.

Conceptual Questions 4A

1. Explain the term variation. What does a measure of

variation serve? In the light of these, comment on
some of the well-known measures of variation.
[Delhi Univ., MBA, 2003]

What are the requisites of a good measure of
variation?

Explain how measures of central tendency and
measures of variation are complementary to each
other in the context of analysis of data.

Distinguish between absolute and relative measures of

variation. Give a broad classification of the measures
of variation.

Self-practice Problems 4A

4.1 The following are the prices of shares of a company

from Monday to Saturday:

Days Price (%) Days Price (%)
Monday 200 Thursday 160
Tuesday 210 Friday 220
Wednesday 208 Saturday 250

Calculate the range and its coefficient.

5. (a) Critically examine the different methods of

measuring variation.

(b) Explain with suitable examples the term ‘variation’.
Mention some common measures of variation
and describe the one which you think is the most
important. [Delhi Univ., MBA, 2004]

6. Explain and illustrate how the measures of variation

afford a supplement to the information about
frequency distribution furnished by averages.
[Delki Univ., MBA, 2005]

7. What do you understand by ‘coefficient of variation’?

Discuss its importance in business problems.

4.2 The day’s sales figures (in ) for the last 15 days at

Nirula’s ice-cream counter, arranged in ascending
order of magnitude, are recorded as follows: 2000,
2000, 2500, 2500, 2500, 3500, 4000, 5300, 9000,
12,500, 13,500, 24,500, 27,100, 30,900, and 41,000.
Determine the range and middle 50 per cent range
for this sample data.

4.3 The following distribution shows the sales of the 50

largest companies for a recent year:
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4.5 AVERAGE DEVIATION MEASURES

Since two measures of variation, range and quartile deviation discussed earlier do not
indicate how values in a data set are scattered around a central value or disperse throughout
the range, therefore it is important to measure the amount (degree) by which these values
in a data set deviate from a measure of central value—usually mean or median.

To understand the nature of spread of values in the data set, two more measures of
dispersion that are useful to measure the average deviation from a measure of central
value—usually mean or median are:

(i) Mean Absolute Deviation or Average Deviation
(ii) Variance and Standard Deviation

4.51 Mean Absolute Deviation

Since average (mean) deviation of individual values in the data set from their actual
arithmetic mean (A.M.) is always zero, therefore such a measure would not indicate any
variation. This problem can be solved in two ways:

(i) Ignore the signs of the deviation by taking absolute value.
(ii) Square the deviations because the square of a negative number is positive.

The absolute difference between a value x; of an observation from A.M. (or median) is
always a positive number. The average value of these deviations from the A.M. (or median)
is called the mean absolute deviation (MAD). The MAD value is used to compare relative
tendency of values in the distribution to scatter around a central value or to disperse
throughout the range.

In general, the mean absolute deviation is given by

g :

MAD = — x—ul, for a population (4-6
NE' wl pop )
1 i

MAD = —Z |x—x|, forasample
L]

where || is the sign of absolute value. That is, the plus or minus sign of deviations from
the mean are ignored.
For a grouped frequency distribution, MAD is given by

n
2 fil% %]
MAD = =L (4-7)
2.

While calculating MAD, the median is also considered for computing mean absolute
deviation because sum of the absolute values of deviations from the median is smaller than
that from any other value. However, in general, arithmetic mean is used for this purpose.

If a frequency distribution is symmetrical, then MAD taken from either mean or
median is equal. Thus, the interval ¥ £ MAD provides a range in which 57.5 per cent of
the observations are included. Even if the frequency distribution is moderately skewed,
the interval ¥ = MAD includes the same percentage of observations. This shows that
more than half of the observations are scattered within one unit of the MAD around the
arithmetic mean. The MAD is useful in situations where extreme deviations are likely to
occur.

Goefficient of MAD

The relative measure of MAD is called the coefficieni of MAD and is obtained by dividing the
MAD by a measure of central tendency (arithmetic mean or median) used for calculating
the MAD. Thus,

Coefficient of MAD — Mean abiolute deviation 4-8)
X or Me
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If the value of relative measure is desired in percentage, then

Coefhicient of MAD =

MAD
X or Me

x 100

Example 4.5: The number of patients seen in the emergency ward of a hospital for a
sample of 5 days in the last month was 153, 147, 151, 156 and 153. Determine the mean

absolute deviation and interpret.

Solution: The mean number of patientsis x = (153 + 147 + 151 + 156 + 153)/5 = 152.
The calculations of MAD using formula (4-6) are shown below.

Numer of Absolute Deviation
Fatients (x) xX—-x |x— ¥ |
153 153-152 = 1 1
147 147 -152 = -5 5
151 151 =152 = -1 1
156 156 -152 = 4 4
153 153 -152 = 1 1
12

MAD = lZ|x—;?| =% = 2.4 = 3 patients (approx)
n

The mean absolute deviation is 3 patients per day. The deviation in the number of
patients falls in the interval 152 * 3 patients per day.

Example 4.6: Calculate the mean absolute deviation and its coefficient from median for
the following data

Year Sales (T thousand)

Product A Product B
2006 23 36
2007 41 39
2008 29 36
2009 53 31
2010 38 47

Solution: The median sales of the two products A and B is 38 and 36, respectively. The
calculations of MAD in both the cases are shown in Table 4.2.

Table 4.2 Calculations of MAD

Product A Product B
Sales (x) |x —Me| = |x-38| Sales (x) |x—Me| = |x-36]|
23 15 31 5
29 9 36 0
38 36 0
41 3 39 3
53 15 47 11
n=>5 Z|x - Me| = 42 n=>5 Z|lx—Me| =19
Product A: MAD = lz \x—Me|=£ =84
n 5
CoeREeHEGEMAD = 20D =% — 0.221

Me
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Product B: MAD = =) |x—Me|=— =338
n 5
Coefficient of MAD = MAD _38 _ 106
Me 36

Example 4.7: Find the mean absolute deviation from mean for the following frequency
distribution of sales (¥ in thousand) in a co-operative store.

Sales : 50-100 100-150 150-200 200-250 250-300 300-350
Number of days : 11 23 44 19 8 7

Solution: The mean absolute deviation can be calculated by using the formula (4-6) for
A.M. (x). The calculations for MAD are shown in Table 4.3. Let, assumed mean, A = 175.

Table 4.3 Calculations for MAD

Sales Mid-Value  Frequency d= fd |- x| flx-x|
(Rs) (m) ) (m —175)/50 = |m-¥x|

50100 75 11 -2 =2 104.91 1154.01
100 — 150 125 23 -1 -23 54.91 1262.93
150-200  (75)«A 44 0 0 4.91 216.04
200 - 250 225 19 1 19 45.09 856.71
250 - 300 275 8 2 16 95.09 760.72
300 - 350 325 7 3 21 145.09 1015.63
112 11 5266.04

F=A+ {lzfd}xh =175 + %xfﬂ) = %179.91 per day
n

_ 5266.04
112

MAD:lZflx_:?| =347.01
n

Thus, the average sales are ¥1,79,910 per day and the mean absolute deviation of sales is
347,010 per day.

Advantages and Disadvantages of MAD
Advantages

1. The calculation of MAD is based on all observations in the distribution and shows
the dispersion of values around the measure of central tendency.

2. While calculating MAD, equal weightage is given to each observed value to indicate
how far each observation lies from either the mean or median.

3. Average deviation from arithmetic mean is always zero in any data set. In MAD
this problem is taken care by using absolute values to eliminate the negative signs.

Disadvantages

1. While calculating MAD, the algebraic signs are ignored. If the signs are not
ignored, then sum of the deviations taken from arithmetic mean will be zero and
close to zero when deviations are taken from median.

2. The value of MAD is considered to be best when deviations are taken from median.
But median does not provide a satisfactory result in case the amount of variation
is more in a data set.
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Variance: A measure of
variability based on the
squared deviations of the
observed values in the
data set about arithmetic
mean.

Standard Deviation: A
measure of variability
computed by taking the
positive square root of the
variance.

4.5.2 Variance and Standard Deviation

While computing absolute value of each deviation from arithmetic mean, another way to
ignore sign of negative deviations from mean is to square such values. The sum of all such
squared deviations is then divided by the number of observations in the data set. A value
so obtained is called population variance denoted by 62 (a lower-case Greek letter sigma).
It is usually referred to as ‘sigma squared’. Symbolically, it is written as

1
Population variance, g% = — x; — 4-9
p 5 ; (x —w’ (4-9)
_ 13 2
= ﬁzx (m)

(Deviation is taken from actual population A.M.)

2d® (xd

= _[ ) (Deviation is taken from assumed mean, A)
N N

where d = x— A and A is any constant (also called assumed A.M.)

Since o2 is the average (or mean) of squared deviations from arithmetic mean, it is also
called the mean square average.

The population variance is used to measure variation among the values of observations
in a population. However, in almost all applications of statistics, the data being analysed is
a sample data. Thus, sample variance is determined to estimate population variance, 2.

If the sum of the squared deviations about a sample mean X in Eq. (4-9) is divided by n
(sample size), then invariably the estimated value of ¢ is lower than its actual value. Such
a difference in two values is called bias. However, this bias in the estimation of population
variance from a sample variance can be removed by dividing the sum of the squared
deviations between the sample mean and each value in the population by n — 1 rather than
by n. The unbiased sample variance deno[ed by 52 is defined as follows:

- 2
z (x —x) E _nE (Zx) (4-10)

1 n-1 n-1 Cn(n-1)

Sample variance, 52

The numerator Z(x —-%)? in Eq. (4-10) is called the fotal sum of squares. This quantity
measures the total variation among values in a data set (whereas the variance measures
only the auverage variation). The larger the value of £(x — ¥)?, the greater the variation
among the values in a data set.

Standard Deviation

The numerical value of population or a sample variance is difficult to interpret because it
is expressed in square units. To reach an interpretable measure of variance expressed in
the units of original data, we take a positive square root of the variance, called standard
deviation or root-mean square deviation. The standard deviation of population and sample
is denoted by o and s, respectively.

(a) Ungrouped Data

Vo = \%Z (x—p?= \/%Zx“’ - (w?
3

N
. =x2  nx’ .
Sample standard deviation, s = —l——l ; where n = sample size
n-1 n-

Population standard deviation, ¢

(b) Grouped Data

o 2
Population standard deviation, ¢ = Zfd = [lJ x h
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where f is the frequency of each class interval; N is the total number of observations (or
elements) in the population; k is the width of class interval; m is mid-value of each class
interval and d = (m — A) / h, where A is any constant (also called assumed A.M.)

= 2 2
Sample standard deviation, s = \/5_2 = sz(x—x) = J—Zfi - M (4-11)

n-1 n-1 nnh-=1)

Remarks: 1. For any data set, MAD is always less than the ¢ because MAD is less sensitive
to the extreme observations. Thus, when a data contains few outliers, the MAD provides
a more realistic measure of variation than 6. However, o is often used in statistical
applications because formula is capable of algebraic treatment.

2. When sample size (n) becomes very large, (» - 1) becomes irrelevant.

Advantages and Disadvantages of Standard Deviation
Advantages

1. The value of standard deviation is based on every observation in a set of data. The
formula of standard deviation is capable of algebraic treatment and is less affected
by fluctuations of sample size as compared to other measures of variation.

2. Ttis possible to calculate the combined standard deviation of two or more sets of
data.

3. The area under the symmetric curve of a frequency distribution is expressed in
terms of standard deviation and population mean.

4. Standard deviation is used for comparing skewness, correlation, and so on, and
also widely used in sampling theory.

Disadvantages

1. Calculations of standard deviation are slightly difficult as compared to other
measures of variation.

2. Since for calculating S.D., the deviations from the arithmetic mean are squared,
therefore large deviations when squared are proportionately more than small
deviations. For example, the deviations 2 and 10 are in the ratio of 1 : 5 but their
squares 4 and 100 are in the ratio of 1 : 25,

Example 4.8: The wholesale prices of a commodity for seven consecutive days in a month
are as follows:
Days : 1 2 3 4 5 6
Commodity price/quintal : 240 260 270 245 255 286

Calculate the variance and standard deviaton.

% o

Solution: The computations for variance and standard deviation from actual arithmetic
mean, x are shown in Table 4.4.

Table 4.4 Computations of Variance and Standard Deviation with Actual Mean

Observation (x) x- X =x-260 x—x )
240 =20 400
260 0 0
270 10 100
245 =15 225
255 -5 25
286 26 676
264 4 16

1820 1442
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_ 1 1
¥ = —Yx==(1820) =260
n 7

Variance 6% = iz(;x: -%’ = %(1442) =206
n

Standard deviation 6 = o2 = 206 = 14.352

If deviation is taken from an assumed A.M. = 255 instead of actual AM. = 260, then
calculations for standard deviation are shown in Table 4.5.

Table 4.5 Computations of Standard Deviation with Assumed Mean

Observation (x) d=x-A=x-255 4?2
240 =15 225
260 5 25
270 15 225
245 -10 100

«— A 0 0
286 31 961
264 9 81
35 1617
vd® (T4 1617 (35)
Standard deviationg = [[&—_-|&—| = |— | —=
n n 7 7

= /231 - 25 = /206 = 14.352

This result is same as shown in Table 4.4.

Remark: When actual A M. is not a whole number, assumed A.M. method should be used

to reduce the computation time.

Example 4.9: A study of 100 engineering companies gives the following information
Profit (T in crore) : 0-10 10-20 20-30 3040 40-50 50-60
Number of companies : 8 12 20 30 20 10

Calculate the standard deviation of the profit earned.

Solution: Let assumed mean, A be 35. Calculations for standard deviation are shown in
Table 4.6.

Table 4.6 Calculations of Standard Deviation

Profit Milue.  d=r =t : N i o fd fd?
(X in crore) (m) i g Companies (f)

0-10 5 =3 8 -24 72
10-20 15 =5 12 -24 48
20-30 25 -1 20 —20 20
3040 «A 0 30 0 0
40-50 45 1 20 20 20
50-60 55 2 10 20 40

100 —28 200
2 2
Standard deviation, ¢ = Jzi [MJ x h
n n

2
- @,[ﬁJ x10=,/2-0.078 x10 = 13.863
100 {100
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Example 4.10: Mr Gupta, a retired government servant, is considering investing his
money in two proposals. He wants to choose the one that has higher average net present
value and lower standard deviation. The relevant data are given below. Can you help him
in choosing the proposal?

Proposal A: Net Present Value Chance of the Possible
(NPV) Outcome of NPV
1559 0.30
5662 0.40
9175 0.30
Proposal B: Net Present Value Chance of the Possible
(NPV) Outcome of NPV
-10,050 0.30
5,812 0.40
20,5684 0.30

Solution: The expected (average) net present value for both the proposals is:

Proposal A:  Expected NPV = 1559 x 0.30 + 5662 x 0.40 + 9175 x 0.30
= 467.7 + 2264.8 + 2752.5 = ¥5485
Proposal B:  Expected NPV = - 10,050 x 0.30 + 5812 x 0.40 + 20,584 X 0.30
= -3015 + 2324.8 + 6175.2 = ¥5485
Since the expected NPV in both the cases is same, Mr. Gupta would like to choose
less risky proposal. For this, we have to calculate the standard deviation in both the cases.
Standard deviation for proposal A:

NPV (x;) Expected NPV (X') x—X Probability of fx-x)2
NPV (f)
1559 5485 -3926 0.30 46,24,042.8
5662 5485 177 0.40 12,531.6
9175 5485 3690 0.30 40,84,830.0
1.00 87,21,404.4

_ a2
Sa T Zﬂ+x):\,’87,21,404.4 = ¥2953.20

Standard deviation for proposal B:

NPV(x;) Expected NPV (%) x— X Probability of flx-x)2
NPV (f)
-10,050 5485 -15,535 0.30 7,24,00,867.5
5812 5485 827 0.40 42.771.6
20,684 5485 15,099 0.30 6,83,95,940
1.00 14,08,37,579

_ =2
g = —Zf‘; %) _ [i4,08,37,579 = T11,867.50

Since 5, < sg, therefore proposal A indicates uniform net profit and hence may be
chosen.



CHAPTER 4

| 142
!

4.5.3 Mathematical Properties of Standard Deviation

1. Combined standard deviatior: The combined standard deviation, &), of two sets
of data containing n, and n, observations with means ¥ and %; and standard
deviations o, and o,, respectively, is given by

a Jnl (012 + d12)+ nz(og + d{f)

G =
12 n + Hg
where dy=%9~%; dy=F3—%
- X + noXs . . y
and Xg = T = By¥p (combined arithmetic mean)
n; + Ny

This formula can also be extended to compute the standard deviation of more
than two sets of data.

2. Standard deviation of natural numbers: The standard deviation of the first n
natural numbers is given by

B
c—,/m(n 1

For example, the standard deviation of the first 100 (i.e., from 1 to 100) natural
numbers will be

G = Jéaootl):\% (9999) = /833.25 = 28.86

Example 4.11: For a group of 50 male workers, the mean and standard deviation of their
monthly wages are T6300 and Y900, respectively. For a group of 40 female workers, these
are ¥5400 and T600, respectively. Find the standard deviation of monthly wages for the
combined group of workers. [Deihi Univ., MBA, 2004]

Solution: Given that, Male workers : n; = 50, X = 6300, o, = 900
Female workers : ny = 40, X = 5400, o, = 600
nx +ngXy _ 50x 6300 + 40 x 5400

Then, Combined mean, % = = 5,900
m o+ ng 50 + 40
and Combined Standard Deviation
2, 42 2, 42
0_12 — Jﬂl(ﬁl +d1)+n2(cr?+d2)
n + 7'.!,2
_ ]50(8,10,000 +1,60,000) + 40(3,60,000 + 2,50,000) 2900

50+ 40
where d; = %o —% = 5900-6300 =—-400 and dy = X, —X; = 5900 — 5400 = 500.

Example 4.12: A study of the age of 100 persons grouped into intervals 20-22, 22-24,
24-26, ... revealed the mean age and standard deviation to be 32.02 and 13.18, respectively.
While checking, it was discovered that the observation 57 was misread as 27. Calculate the
correct mean age and standard deviation. [Deihi Univ., MBA, 2007]

Solution: From the data given in the problem, we have ¥ = 32.02, 0 = 13.18 and N = 100.
We know that

¥ ==k or Ifx =nxx = 100x32.02 = 3202

L

n

and o? = lzfxi’ — (@) or Lfx®= n[c? + (¥)%] = 100[(13.18)? + (32.02)%]
n

= 100[173.71 + 1025.28] = 100x1198.99=1,19,899
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On substituting the correct observation, we get
T fx = 3202 - 27 + 57 = 3232.

Also T fx? =1,19,899 - (27)2 + (57)% = 1,19,899 — 729 + 3248 = 1,22,419
Thus, Correct AM.,, ¥ = lfo:L(E}?S?) = 32.32.
n 100
and Correct variance, o2 = %z 2 - @7 :;#0(1,22,419) - (32.32)2
= 1224.19 - 1044.58 = 179.61
or Correct standard deviation, ¢ = \/G_2= V179.61 = 13.402.

Example 4.13: The mean of 5 observations is 15 and the variance is 9. If two more
observations having values -3 and 10 are combined with these 5 observations, what will be
the new mean and variance of 7 observations?

Solution: From the data of the problem, we have ¥ = 15, s2=9andn = 5. We know that

X = lzx or »x =axXX =5x15="75
n

If two more observations having values -3 and 10 are added to the existing 5
observations, then after adding these 6th and 7th observations, we get

2x =75-3+10=82

Thus, New AM., ¥ = le=%(82) =11.71
n
Variance, s? = leQ—(E)Q
n
9 =Ly _qs2
n
or Zx2 = 1170

On adding two more observations: -3 and 10, we get

Tx% = 1170 + (-3)2 + (10)2 = 1279
L . lzx?g(z)i’:%az*rg) ~(11.71)2 = 45.59
n
Hence, the new mean and variance of 7 observations is 11.71 and 45.59, respectively.

4.5.4 Chebyshev's Theorem

Standard deviation measures the variation among observations in a data set. If the standard Chebyshev’s Theorem: A
deviation value is small, then values in the data set cluster close to the arithmetic mean. statement about
Conversely, a large standard deviation value indicates that the values are scattered more the proportion of
widely around arithmetic mean. P L. Chebyshev (1821-1894) a Russian mathematician, observations that must
developed a result called Chebyshev’s theorem to indicate proportion of values in the data giﬁ;ﬁﬁﬂfﬂi; :';edri:an
set that fall within a specified number of standard deviation from the mean value. The (populaﬁ;)n e
theorem states that: Aistrbisan);

For any set of data (population or sample) and any constant z greater than 1 (but need not be an

integer), the proportion of the values that lie within z standard deviations on either side of the

mean is af least {1 — (1/22)}. That is

RF[|x—u| <206]2 1 - L2
b
where RF is the relative frequency of a distribution.
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Figure 4.5
Chebyshev's Theorem

x- : ; :
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e deviations a value, x is away from the mean u (sample or
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For a symmetrical, bell-shaped distribution as shown in Fig. 4.5. Chebyshev’s theorem
indicates percentage of values that approximaiely fall within z standard deviations. The
relationship among mean, standard deviation and the set of values is called empirical (or
normal) rule.

Illustration The theorem is applicable to any data set regardless of the shape of the
frequency distribution of values. For example, assume that the marks obtained by 100
students in business statistics had an AM., x = 70 per cent and standard deviation,
o = 10 per cent. Then number of students who obtained marks between 50 and 85 will be
determined as follows:

(a) Since,z = (50 - 70)/10 = =2, 50 marks fall 2 standard deviations below the mean,
(b) Since,z = (85 -70)/10 = 1.5, 85 marks fall 1.5 standard deviations above the mean.

Applying the Chebyshev’s theorem with z = 2.0, we have

1N _ 1],
[1—2_2]_{1 (2.0)2} 075

This indicates that at least 75 per cent of the students must have obtained marks between
50 and 85.

For symmetrical, bell-shaped frequency distribution (also called normal curve), the range
within which a given percentage of values of the distribution are likely to fall within a
specified number of standard deviations of the population mean, p is determined as
follows:

1 * o covers approximately 68.27 per cent of values in the data set.

1 * 20 covers approximately 95.45 per cent of values in the data set.

i * 30 covers approximately 99.73 per cent of values in the data set.






