Nothing is good or
bad by comparison.

—Thomas Fuller

ChapteolQ[

Correlation Analysis

LEARNING OBJECTIVES

After studying this chapter, you should be able to

express quantitatively
between two variables

determine the validity
variables.

the degree and direction of the covariation or association

and reliability of the covariation or association between two

provide a test of hypothesis to determine whether a linear relationship actually exists

between the variables.

13.1

INTRODUCTION

The statistical methods, discussed so far, are used to analyse the data involving only one
variable. Often an analysis of data concerning two or more quantitative variables is needed
to look for any statistical relationship or association between them that can describe specific
numerical features of the association. The knowledge of such a relationship is important to
make inferences from the relationship between variables in a given situation. Few instances
where the knowledge of an association or a relationship between two variables would be

helpful

to make decision are as follows:

Family income and expenditure on luxury items.
Yield of a crop and quantity of fertilizer used.

Sales revenue and expenses incurred on advertising.
Frequency of smoking and lung damage.

Weight and height of individuals.

A statistical technique that is used to analyse the strength (magnitude) and direction
of the relationship between two quantitative variables is called correlation analysis. A few
definitions of correlation analysis are as follows:

An analysis of the relationship of two or more variables is usually called correlation.

— A M. Tuttle
When the relationship is of a quantitative nature, the appropriate statistical tool for
discovering and measuring the relationship and expressing it in a brief formula is
known as correlation. —Croxton and Cowden
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The coefficient of correlation is a number that indicates the strength and direction of
statistical relationship between two variables.

e The strength of the relationship is determined by the closeness of the points to
a straight line when a pair of values of two variables are plotted on a graph. A
straight line is used as the frame of reference for evaluating the relationship.

e The direction is determined by whether one variable generally increases or
decreases when the other variable increases.

The following questions determine the importance of examining the statistical
relationship between two or more variables and accordingly requires the statistical
methods to answer these questions:

(i) Isthere an association between two or more variables? If yes, what is the form and
degree of that relationship?
(ii) Isthe relationship strong or significant enough to be useful to arrive at a desirable
conclusion?
(iii) Can the relationship be used to predict the most likely value of a dependent
variable for the given value of independent variable or variables?

The first two questions will be answered in this chapter, while the third question will
be answered in next chapter.

For correlation analysis, the data on values of two variables must come from sampling
in pairs, one for each of the two variables.

13.2 SIGNIFIGANGE OF MEASURING GORRELATION

The objective of any scientific research is to establish relationships between two or more
sets of observations or variables to arrive at some valid condusion. Few advantages of
measuring an association (or correlation) between two or more variables are as under:

1. Correlation analysis contributes to the understanding of economic behaviour, aids
in locating the critically important variables on which others depend, may reveal
to the economist the connections by which disturbances spread and suggest to him
the paths through which stabilizing forces may become effective.

—W. A, Neiswanger

2. The effect of correlation is to reduce the range of uncertainty of our prediction.
The prediction based on correlation analysis will be more reliable and near to
reality. — Tippett

3. In economic theory, an association {(or correlation) between two or more variables,
such as price, supply and quantity demanded; customers retention is related to
convenience, amenities and service standards; yield of a crop is related to quantity
of fertilizer applied, type of soil, quality of seeds, rainfall and so on is established.

4, In healthcare, an association (or correlation) between two or more variables such
as validity and reliability of clinical measures; effect on health due to certain
biological or environmental factors, blood pressure and age of a person; inter-

observer reliability for two doctors who are assessing a patient’s disease, and so on
is established.

13.3 CORRELATION AND CAUSATION

Correlation is one the three criteria for establishing a causal relationship between two
or more variables. While correlation coefficient only measures the strength of a linear
relationship but it does not necessarily imply a causal relationship. The following factors
should be examined to interpret the nature and extent of relationship between two or
more variables:

(i) Chance Coincidence: The inferences drawn from the value of correlation
coeflicient may not be of any statistical significance because variables might be

Coefficient of
Correlation: A statistical
measure of the degree
of association between
two variables.
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(i)

(ii)

134

entirely different and unrelated. Any association between them may be only by
a chance. For example, (i) a positive correlation between growth in population
and wheat production in the country has no statistical significance, and (ii) the
correlation in sales revenue and expenditure on advertisements over a period
of time should be statistically significant and not just due to biased sampling or
sampling error.

Influence of Third Variable: Clinically, it has been proved that smoking causes
lung damage. However, there are often multiple reasons such as stress, quality
of food and air pollution, of health problems. Similarly, the yield of rice and tea
is positively correlated because both the crops are influenced by the amount of
rainfall. But the yield of any one is not influenced by other.

Mutual Influence: Although two variables might be highly correlated, still it is
difficult to say as to which variable is influencing the other. For example, variables
like price supply, and demand of a commodity are mutually correlated. As price
of a commodity increases, its demand decreases, so price influences the demand
level. But when demand of a commodity increases, its price also increases so
demand influences the price.

TYPES OF GORRELATIONS

There are three broad types of correlations:

(i)
(ii)
(i)

Positive and negative
Linear and non-linear
Simple, partial and multiple

In this chapter, we will discuss simple linear positive or negative correlation analysis.

13.4.1

Positive and Negative Correlations

The positive (or direct) correlation refers to an association between two variables where
their values change (i.e., increasing or decreasing) in the same direction. The negative
(or inverse) correlation refers to an association between two variables where their values
change (i.e., increasing or decreasing) in the opposite direction.

Tllustration

Positive Correlation

Increasing —x : 5 8 10 15 17
Increasing —y : 10 12 16 18 20
Decreasing — x : 17 15 10 8 5
Decreasing —y : 20 18 16 12 10

Negative Correlation

Increasing —x : 5 8 10 15 17
Decreasing —y : 20 18 16 12 10
Decreasing — x : 17 15 12 10 6
Increasing — 3y : 2 7 9 13 14

Remarks: The change (increasing or decreasing) in values of both the variables may not
be proportional or fixed.

13.4.2

Linear and Non-linear Correlations

A linear correlation refers to an association between two variables where variation in their
values is either proportional or fixed. The following pattern of variation in the values of
two variables x and y reveals linear correlation.
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x : 10 20 30 40 50
y : 40 60 30 100 120

When these pairs of values of x and y are plotted on a graph paper, the line joining
these points would be a straight line.

A non-linear (or curvy linear) correlation refers to an association between two variables
where variation in their values is neither proportional nor fixed. The following pattern of
variation in the values of two variables x and y reveals non-linear correlation.

x : 8 9 9 10 10 28 29 30
y : 80 130 170 150 230 560 460 600

When these pairs of values of x and y are plotted on a graph paper, the line joining
these points would not be a straight line, rather it would be curvy linear.

13.4.3 Simple, Partial and Multiple Correlations

The distinction between simple, partial and multiple correlations is based upon the
number of variables involved in the correlation analysis.

If only two variables are chosen to study correlation between them, then such a
correlation is referred to as simple correlation. A study on the yield of a crop with respect
to only amount of fertilizer used, or sales revenue with respect to amount of money spent
on advertisement, are a few examples of simple correlation.

In partial correlation, two variables are chosen to study the correlation between them
but the effect of other influencing variables is kept constant. For example (i) yield of a
crop is influenced by the amount of fertilizer applied, whereas effect of other influencing
variables such as rainfall, quality of seed, type of soil and pesticides is kept constant, and (ii)
sales revenue from a product is influenced by the level of advertising expenditure, whereas
effect of other influencing variables such as quality of the product, price, competitors,
distribution and so on is kept constant.

In multiple correlation, more than two variables are chosen to study the correlation
among them. For example, (i) employer-employee relationship in any organization may
be examined with reference to, training and development facilities; medical, housing
and education to children facilities; salary structure; grievances handling system; and so
on, and (ii) sales revenue from a product may be examined in relation with the level of
advertising expenditure, quality of the product, price, competitors, distribution and so on.

13.5 METHODS OF CORRELATION ANALYSIS

The correlation between two ratio-scaled (numeric) variables is represented by the letter,
r, which takes on values between -1 and +1 only and is referred to as ‘Pearson product
moment correction’ or correlation coefficient. The correlation coefficient is a relative
(scale free) number and so its interpretation is independent of the units of measurement
of two variables, say x and y.

In this chapter, the following methods of calculating a correlation coefficient between
two variables x and y are discussed:

e Scatter Diagram method

* Karl Pearson’s Coefficient of Correlation method
e Spearman’s Rank Correlation method

¢ Method of Least-squares

Figure 13.1 shows how the strength of the association between two variables is represented
by the coefficient of correlation.
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Figure 13.1
Interpretation of Comrelation
Coefficient

Scatter Diagram: A
graph of pairs of values
of two variables that

is plotted to indicate

a visual display of

the pattern of their
relationship.
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13.51 Scatter Diagram Method

The scatter diagram method is an at-a-glance method to understand an apparent
relationship (if any) between two variables. A scatter diagram (or a graph) can be traced
on a graph paper by plotting pairs of values of variables, x and y, taking values of variable,
x on the x-axis and values of variable, y- on the y-axis. The horizontal and vertical axes are
scaled in units corresponding to the variables x and y, respectively. A straight line drawn
through these pair of values describes different types of relationships between the two
variables.

Figure 13.2 shows examples of different types of relationships based on pairs of
values of x and y in a sample data. The patterns shown in Figs 13.2(a) and (b) represent
linear relationships since the patterns are described by straight lines. The pattern in Fig.
13.2(a) shows a positive relationship since the value of y tends to increase as the value of x
increases, whereas pattern in Fig. 13.2(b) shows a negative relationship since the value of y
tends to decrease as the value of x increases.

The pattern shown in Fig. 13.2(c) illustrates very low or no relationship between the
values of x and y, whereas Fig. 13.2(d) represents a curvilinear relationship since it is
described by a curve rather than a straight line. The wider scattering indicates that there
is a lower degree of association between the two variables x and y than there is in
Fig. 13.2(a).

Interpretation of Correlation Goefficients

While interpreting correlation coefficient % the following points should be taken into
account:

e A low positive or negative value of correlation coefficient, r, indicates that the
relationship is poorly described by a straight line. A non-linear relationship may
also exist.

e A correlation is an observed association and does not indicate any cause-and-effect
relationship.

Types of Gorrelation Coefficients

Table 13.1 shows several types of correlation coefficients used in statistics along with the
conditions of their use. All of them are appropriate for quantifying linear relationship
between two variables x and y.

Table 13.1: Types of Correlation Coefficients

Coefficient Conditions Applied for Use

e ¢ (phi) Both x and y variables are measured on a nominal scale

e p (rho) Both x and y variables are measured on, or changed to, ordinal
scales (rank data)

e r Both x and y variables are measured on an interval or ratio scale

scales (numeric data)

The correlation coefficient, denoted by n(eta), is used for quantifying non-linear
relationships (It is beyond the scope of this text). In this chapter, methods of calculating



CORRELATION ANALYSIS 457 L
1

Pearson’s correlation coefficients, r and Spearman’s correlation coefficients, R, are Figure 13.2
discussed. Typical Examples of
Correlation Coefficient

4 r>1 JJ1;

-

x x
(a) Positive Linear Relationship (b) Negative Linear Relationship
}' h = 0 y 3
* X
(c) No Relationship (d) Non-Linear Relationship

Features of the Gorrelation Coefficient
The following are the common features among all correlation coefficient:

(i) The value of correlation coefficient, 7 depends on the slope of the line passing
through the data points and the scattering of the pair of values of variables x and
y about this line.

(ii) The sign of the correlation coefficient indicates the direction of the relationship.
The positive correlation denoted by + (positive sign) indicates that the direction
of increase (or decrease) in the value of two variables is same. While negative
correlation denoted by — (minus sign) indicates that direction of increase (or
decrease) in the value of two variables is opposite.

(iii) The values of the correlation coefficient range from + 1to—1 regardless of the
units of measurements of x and y. That is, correlation coefficient is a pure number
independent of the unit of measurement.

(iv) The value of correlation coefficientr = +1 or ~1 indicates perfect linear association
(relationship) between two variables, x and y. A perfect correlation implies that
every observed pair of values of x and y falls on the straight line.

(v) The value of correlation coefficient indicates the strength of association
(relationship) between two variables, i.e., a closeness of the observed pair of values
of x and y to the straight line. The sign of the correlation coefficient indicates the
strength of the linear relationship.

(vi) The value of correlation coefficient remains unchanged when a constant value is
subtracted from every pair of values of variables x and y (also referred as change
of origin), also when a pair of values of variables x and y are divided or multiplied
by a constant (also referred to as change of scale).
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Figure 13.3
Scatter Diagram

(vii) The value of correlation coefficient, r = 0, indicates that the straight line through
the data points is horizontal, and therefore no association (relationship) between
two variables x and y.

(viii) The square, r2, of correlation coefficient, r, value is referred to as coefficient of
determination.

Example 13.1: Given the following data:

Student : 1 2 3 4 5 6 7 8 9 10
Management

aptitude score : 400 675 475 350 425 600 550 325 675 450
Grade point average  : 18 38 28 17 28 31 26 19 32 23

(a) Draw this data on a graph paper.
{b) Is there any correlation between per capita national income and per capita consumer
expenditure? If yes, what is your opinion.

Solution: By taking an appropriate scale on the x and y axes, the pairs of observations
are plotted on a graph paper as shown in Fig. 13.3. The scatter diagram in Fig. 13.3 with
straight line represents the relationship between x and y ‘fitted’ through it.

Grade Point J
Average
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- }/
t"’ b
3.0 o e
ey
"{
2.0 e
P
f” :
104 -7
,/
|
0 T T T T T T o3

300 400 500 600 700 800 *

Management Aptitude Score

Interpretation: Since pairs of values of two variables are very close to a straight line passing
through them, therefore it appears that there is a high degree of association between two
variable values. The pattern of dotted points also indicates a high degree of linear positive
correlation.

13.5.2 Karl Pearson’s Correlation Coefficient

Karl Pearson’s correlation coefficient quantitatively measures the degree of association
(relationship) between two variables x and y. For a set of n pairs of values of x and y,
Pearson’s correlation coefficient, r, is given by
_ Covariance (x,y) _ Covix,y)

Jvar x \Jvar y g, o,

where Cov(x, y) L Zx-x)(y-7)
n

2
c, = “M « standard deviation of sample data on variable x
n
2
0= ’M <« standard deviation of sample data on variable y
n

Substituting values of Cov(x, y), ¢, and o, we have
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2 Ro-n Ty - (Ex) (T )
szfﬁ ‘jz(rm? JnZa? - Ex)? YnZy? - (5)?

n n

o=

(18-1)

Step Deviation Method for Ungrouped Data

If actual mean values of variables x and y are in fraction, then calculation of Pearson’s
correlation coefficient can be simplified by taking deviations,d, =x-A and d, = y- B, of
x andy values from their assumed means A and B, respectively. The formula (13-1) becomes

B nXd.d, - (£d,) (Zd,)
JnZd2 - (Ed)? Jn3d} - (3d)?
Step Deviation Method for Grouped Data

If values of variables x and y values are classified into a frequency distribution, then formula
(13-2) is modified as

r

(13-2)

_ nZfd.d, — (2 fd,)C fd)
JnZfd2 ~ (S fd ) \|nx fa? - fa,)*

r

(18-8)

Assumptions for Using Pearson's Correlation Coefficient

1. Pearson’s correlation coefficient is used only when both variables x and y are measured
on an interval or a ratio scale.

2. Pearson’s correlation coefficient is used only when two variables x and y are linearly
related.

Advantages and Disadvantages of Pearson’s Gorrelation Goefficient

The numerical value of correlation coefficient between -1 and 1 indicates the strength
as well as the direction (positive or negative) of association between two variables. Few
limitations of Pearson’s method are as follows:

1. Pearson’s correlation coefficient is used only when two variables x and y are linearly
related.

2. The value of the coefficient is unduly affected by the extreme values of two variable
values.

3. Comparatively, the computational time required to calculate the value of Pearson’s
correlation coefficient, r, is lengthy.

13.5.3 Probable Error and Standard Error of Coefficient of Correlation

The probable error (PE) of Pearson’s correlation coefficient, r, indicates the extent to which
its value depends on the condition of random sampling. If r is the value of correlation
coeflicient in a sample of = pairs of observations, then its standard error SE, is given by

ls®
SE =
N
The probable error of the coefficient of correlation is calculated as follows:
_ _ 1-72
PE, = 0.6745 SE, = 0.6745 N

The amount of Pe_ is helpful to determine the range, p, = r = Pe,, within which
population coefficient of correlation is expected to fall where p,(rho) represents population
coefficient of correlation.



| 460 CHAPTER 13
1

Coefficient of
determination: A
statistical measure

of the proportion of
the variation in the
dependent variable
that is explained by
independent variable.

Figure 13.4
Interpretation of Coefficient of
Determination

Remarks

1. Ifr < PE, then the value of r is not significant, i.e., there is no relationship between two
variables of interest.

2. Ifr > 6PE, then value of r is significant, i.e., there exists a relationship between two
variables.

Illustration: Ifr = 0.8 and n = 25, then PE,becomes

1-(0.8)2 0.36
— ) = 06745 —2 =0.048
J25 5

Thus, the range within which population correlation coefficient (p,) should fall is
rx PE = 0.8 £ 0.048 or 0.752 <p_<0.848

PE, = 0.6745

13.5.4 Goefficient of Determination

The coefficient of determination, %, always has a value between 0 and 1. While squaring
the value of correlation coefficient, % the information about the strength of the relationship
is retained but the information about the direction is lost. The value of coefficient of
determination represents the proportion (or percentage) of the total variability in the dependent
variable, y, that is explained by the independent variable, x. The proportion (or percentage) of
variation in y that x can explain determines precisely the extent or strength of association
between two variables x and y (see Chapter 14 for details).

According to Tuttle, the coefficient of correlation, v has been grossly overrated and is used entively
too much. Its square, coefficient of determination v2, is a much move useful measure of the linear
covariance of two variables. The reader should develop the habit of squaring every correlation
coefficient he finds cited or stated before coming to any conclusion about the extent of the linear
relationship between two correlated variables.

Interpretation of Goefficient of Determination

The knowledge of coefficient of determination is helpful in interpreting the strength of
association in terms of percentage between two variables. Figure 13.4 illustrates proportion
(percentage) of explained variation in the value of dependent variable, y.

e Ify2 = 0, then no variation in y due to variation in values of x. That is, there is no
association between x and y.

e Ify? = 1, then entire variation in y is due to variation in values of x. That is, there is
perfect association between x and y.

e 1f0<r%<1, then degree of variation in y due to variation in values of x depends on
the value of 2. Value of 2 close to zero shows low proportion of variation in y due
to variation in values of x. On the other hand, value of 72 close to one shows that
the entire variation in y is due to variation in values of x.

0 0.50 1.00
| 3 |
| Weak t Strong |
0% 50% 100%
None Moderate Perfect

Strength of association between variable x and y
Proportion {percentage) of explained variation in y

Mathematically, the coefficient of determination is determined as

2= Explained variability in y

Total variability in y

1. 2@ - §)> . nZy? —aZy—bExy

I(y-7° nZy* - )

where § = a + bx is the estimated value ofy for given values of x.



CORRELATION ANALYSIS

461 |

For example, let correlation between variable x (height) and variable y (weight) be
r = 0.70. Then the coefficient of determination r> = 0.49 or 49 per cent implies that only
49 per cent of the variations (changes) in value of variable y(weight) is due to variable
x(height). The remaining 51 per cent of the variations may be due to other factors, say
tendency to eat fatty foods.

It is important to know that the ‘variability’ refers to the dispersion of values of
variable, y, around its mean value. The greater the correlation coefficient, the greater the
coefficient of determination, and the variability in dependent variable can be accounted
for in terms of independent variable.

Example 13.2: The following table gives indices of industrial production and number of
registered unemployed people (in lakh). Calculate the value of the correlation coefficient.

Year : 1991 1992 1993 1994 1995 1996 1997 1998
Index of Production : 100 102 104 107 105 112 103 99
Number Unemployed : 15 12 13 11 12 12 19 26

Solution: Calculations of Karl Pearson’s correlation coefficient are shown below:

Year  Production dx=(x-%X) d°  Unemployed dy=(y-7%) dy  dd

Y X7y
X y

1991 100 -4 16 15 0 0 0
1992 102 -2 4 12 -3 9 +6
1993 104 0 0 13 -2 4 0
1994 107 +3 9 11 -4 16 =12
1995 105 +1 1 12 -3 9 -3
1996 112 +8 64 12 -3 9 -24
1997 103 -1 1 19 +4 16 -4
1998 99 -5 25 26 +11 121 -55
Total 832 0 120 120 0 184 -92

n 8 n 8

zdd,—(Z zd

Applying the formula, r = nRddy—Ca) Ed)

JnEd? - (£d)? nid? - (2d,)?

_ 8x-92 _ -99
J8x120 /8x184  10.954x13.564
=795 . 5610
148.580
Interpretation: Since coeflicient of correlation r = -0.619 is moderately negative, it

indicates that there is a moderately large inverse correlation between the two variables.
Hence, we condude that as the production index increases, the number of unemployed
decreases and vice versa.

Example 13.3: The following table gives the distribution of items of production and also
the relatively defective items among them, according to size groups. Find the correlation
coefficient between size and defect in quality.

Size-group : 15-16 16-17 17-18 18-19 19-20 20-21
No. of items ;200 9270 340 360 400 300
No. of defective items : 150 162 170 180 180 114

[Delhi Univ., B.Com., 2007]

Solution: Let group size be denoted by variable x and number of defective items by
variable y. Calculations for Karl Pearson’s correlation coefficient are shown below:
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Size—  Mid-value d_=m-17.5 d? Percent of d="y-30 df d.d

Group m Defective Items ek
15-16 15.5 =2 4 75 +25 625 -50
16-17 16.5 -1 1 60 +10 100 -10
17-18 17.5 0 0 50 0 0 0
18-19 18.5 +1 1 50 0 0 0
19-20 19.5 +2 4 45 -5 25 -10
20-21 20.5 +3 9 38 -12 144 -36

3 19 18 894 -106

Substituting values in the formula of Karl Pearson’s correlation coefficient r, we have
ndedy -(Zd,) (Zdy)

VIl — (Zdy)? JnZd] — T dy)?

r =

_ 6 106~ 3x18 _ 63654
J6x19 (92 J6x804 — (18 V105 V5040
690
=- = - 0.949
727.46

Interpretation: Since value of r is negative, and is close to -1, association (relationship)
between x(size group) and y(percent of defective items) is moderate and negative. Hence,
it may be concluded that when size of group increases, the number of defective items
decreases and vice versa.

Example 13.4: The following data relate to age of employees and the number of days they
reported sick in a month.

Employees : 1 2 3 4 5 6 7 8 9 10
Age : 30 32 35 40 48 50 52 55 57 61
Sick days 1 0 2 5 2 4 6 ] 7 8

Calculate Karl Pearson’s coefficient of correlation and interpret it.
[Kashmir Univ., B.Com., 2005]

Solution: Let age and sick days be represented by variables x and y, respectively.
Calculations for value of correlation coetfficient are shown below:

Age Sick days
x de=x-% d? ¥ dy=y-35 df d.d,
30 -16 256 1 -3 9 48
32 -14 196 0 -4 16 56
35 -11 121 2 -2 4 22
40 -6 36 5 1 1 -6
48 2 4 2 -2 + -4
50 4 16 4 0 0 0
52 6 36 6 2 4 12
55 9 81 5 1 1 9
57 11 121 7 3 9 33
61 15 225 8 4 16 60
460 0 1092 40 0 64 230
SR S T . |
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Substituting values in the formula of Karl Pearson’s correlation coefficient r, we have
g

L mmdd,-Gd)Ed) _ 10x280
Jn2d? - (54 ) Jnzd? - (zd,F  10x1092 J10x 64
= 2 o870
264.363

Interpretation: Since value of r is positive, therefore age of employees and number of sick
days are positively correlated to a high degree. Hence, we may conclude that as the age of
an employee increases, he is likely to go on sick leave more often than others.

Example 13.5: The following table shows the frequency, according to the marks, obtained
by 67 students in an intelligence test. Measure the degree of relationship between age and
marks:

Age in years Total
Test Marks i8 19 20 21
200 - 250 4 4 2 1 11
250 - 300 3 5 4 2 14
300 - 350 2 6 8 5 21
350 - 400 1 4 6 10 21
Total 10 19 20 18 67

[Allahabad Univ., B.Com., 2007]

Solution: Let age of students and marks obtained by them be represented by variables
x and y, respectively. Calculations for correlation coefficient for this bivariate data are
shown below:

Age in years
x| 18 19 20 21
2
d,| -1 0 1 2 | Toalf| i, J; fid,
b d,
200-250 -1 (D (O | D) un | -u 11 0
4 4 2 1
ms0 0 | (D] (D (D O u| o | o | o
3 5 4 2
800-350 1 Dl o ® 21 | 21 21 16
2 6 8 5
350-400 2 D @ @ 21 | 42 84 50
1 4 6 10
Total, f 10 19 20 18 n = 67 xfd, Zfdf Ifdd,
=52 |=116 | =66
fd, |-10 0 20 36 ifd,
= 46
fa2 | 10 0 20 72 Tfd 2
= 102
fid, 0 0 18 48 Tfid,
= 66

whered, = x - 19, and dy = (m - 275)/50



CHAPTER 13

| 464
I

Substituting values in the formula of Karl Pearson’s correlation coefficient, we have
g

L nZ fdd, - ( fi,) E fd,) _ 67 x 66 — 46 x 52
JnE fd - (S fd)? JnE fd2 - (S /4, \J67x102-(46)° 67 x 116 (52)°
4422 — 2392 B 2030 _ 2030

= 0.415

B J6834 2116 7772 -2704  J4718 V5068  68.688x71.19

Interpretation: Since the value of r is positive, therefore age of students and marks
obtained in an intelligence test are positively correlated to the extent of 0.415. Hence, we
may conclude that as the age of students increases, score of marks in intelligence test also
increases.

Example 13.6: Calculate the coefficient of correlation from the following bivariate
frequency distribution:

Sales Revenue Advertising Expenditure Total

(T in lakh) X in "000)
5-10 10-15 15-20 20-25

75-125 4 1 — — 5

125-175 7 6 2 1 16

175-225 1 3 4 2 10

225-275 1 1 3 4 9

Total 13 11 9 7 40

[Delhi Univ., MBA,2005)

Solution: Let advertising expenditure and sales revenue be represented by variables x
and y, respectively. The calculations for correlation coefficient are shown below:

Advertising Expenditure
5-10 10-15 1520 20-25
7] 125 17.5 22.5
-1 0 ! 2 Total, f | fd, fd}? fdd,
Revenue Mid-value
» (m)
TR TR D D] @
4 1 — — 3 -10 20 8
w1 (D] D] @ @
7 6 2 1 16 -16 16 3
s w0 | (D D] D D
1 3 4 2 10 0 0 ]
mas w1 | G| (O O
1 1 3 4 9 9 9 10
= 2
Total, f 13 1 9 n=40| xd, | Td | Tfid,
=-17| =45 =2
i 13 0 9 i4 T
=10
fd? 13 0 9 28 Tfd?
= 50
Jdd, 14 0 1 6 rfdd,
=21

where d,'x = (m - 12.5)/5, and dy = (m - 200)/50.
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Substituting values in the formula of Karl Pearson’s correlation coefficient, we have

. nZfdd, - Efd,) Efdy) _ 40x21-10x-17
JnE fd2 (5 fd)? S fdl — (S fy)2 40 x50~ (10)? /40 45 — (-17)?
840+170 _ 1010 _ oo

~ 71000 V1511 1694373

Interpretation: Since the value of r is positive, advertising expenditure and sales revenue
are positively correlated to the extent of 0.596. Hence, we may conclude that as expenditure
on advertising increases, the sales revenue also increases.

Example 13.7: A computer while calculating the correlation coefficient between two
variables x and y from 25 pairs of observations obtained the following results:
n =25 Zx = 125, £x% = 650 and Ty = 100, ZyQ = 460, Xxy = 508

It was, however, discovered at the time of checking that he had copied down two pairs
of observations as

X ¥ X ¥
6 14 instead of 8 12
8 | 6 6 1 8

Obtain the correct value of correlation coeflicient between x and y.
[MD Univ., M.Com., 2006; Kumaon Univ., MBA, 2007]

Solution: The corrected values of variables required for the formula of Pearson’s
correlation coefficient are determined as follows:

Correct Zx = 125 (6 + 8—8 - 6) = 125
CorrectZy = 100-(14 +6-12-8) = 100
Correct Zx? = 650 - {(6)2 + (8)2 - (8)2 - (6)2}
=650 - {36 + 64 - 64— 36} = 650
Correct 22 = 460 - {(14)% + (6)% - (12)2 - (8)%}
=460 - {196 + 36 — 144 — 64} = 436
Correct Zxy = 508 — {(6X 14) + (8X6) — (8X12) - (6 X 8)}
= 508 - {84 — 48 — 96 — 48} = 520
Applying the formula
_ nZxy—(Zx)(Zy) _ 25x 520 -125x100
JrEx? = (Z0) (nZy2 - (£y)7 /25 %650 — (125) /25 x 436 — (100)?
_ 13,000-12,500 _ 500
V625 /900 25 x 30

Thus, the correct value of correlation coefficient between x and y is 0.667.

¥

= 0.667

‘Self—practice Problems 13A
[

13.1 Making use of the data summarized below, calculate  13.2 Find the correlation coefficient by Karl Pearson’s

the coefficient of correlation. method between x and y and interpret its value.
Case X Xy Case X Xg x : b7 42 40 33 42 45 42 44 40 b6 44 43
y : 10 60 30 41 29 27 27 19 18 19 31 29
A 10 9 E 12 11
B 6 i F 13 13 13.3 Calml.ate the coefficient of correlation from the
C 9 6 G 11 R following data:
x ¢ 100 200 300 400 500 600 700
D 10 9 H

9 4 y: 30 50 60 80 100 110 130
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13.4 Calculate the coefficient of correlation between x and
y from the following data and calculate the probable
errors. Assume 69 and 112 as the mean value for x
and y, respectively.
x : 78 89 99 60 50 79 68 61
y @ 125 137 156 112 107 136 123 108
Find the coefficient of correlation from the following
data:
Cost :
Sales :

13.5

39 65 62 90 82 75 25 98 36 78
47 53 58 86 62 68 60 91 51 84
[Madras Univ., B.Com., 2005]
Calculate Karl Pearson’s coefficient of correlation
between age and playing habits from the data given
below. Also calculate the probable error and comment
on the value:
Age 20 21 22 23 24 25
No. of students : 500 400 300 240 200 160
Regular players: 400 300 180 96 60 24
[HP Univ., MBA, 2005)
Find the coefficient of correlation between age and
the sum assured (in 1000 ) from the following table:

13.6

13.7

Age Group Sum Assured (in )
el 10 20 30 40 50
20-30 4 6 3 7 1
3040 2 8 15 7 1
40-50 3 9 12 6 2
50-60 8 4 2 - -

[Delhi Univ., MBA, 2007

Hints and Answers
[

13.1 % =80/8=10, % =64/8=8;

43 i
= m = 0.896
13.2 r =-0.554 133 r=10.997
134 r=0.014 135 r=10.780
13.6 r = 0.005 137 r=-0.256

13.8 Family income and its percentage spent on food in
the case of one hundred families gave the following
bivariate frequency distribution. Calculate the
coefficient of correlation and interpret its value.

Food Monthly Family Income )
Expenditure 2000~ 3000- 4000- 5000- 6000-

(in percent) 3000 4000 5000 6000 7000
10-15 — = — 3 7
15-20 — 4 9 4 3
20-25 7 6 12 5 —
25-30 3 10 19 8 —

[Delhi Univ., MBA, 2006]

13.9 With the following data in 6 cities, calculate Pearson’s
coefficient of correlation between the density of
population and death rate:

City Area in Population  No. of Deaths
Kilometres (in "000)
A 150 30 300
B 180 90 1440
C 100 40 560
D 60 42 840
E 120 72 1224
F 80 24 312

[Sukhadia Univ., B.Com., 2006]

13.10 The coefficient of correlation between two variables x
and y is 0.3. The covariance is 9. The variance of x is
16. Find the standard deviation of y series.

13.8 r =-0.438 13.9 r= 0988
13.10Given o, = V16 =4; = M
0,0,
or 0.3 = i or o,=7.5.
40 b

13.5.5 Spearman's Rank Correlation Coefficient

In 1904, a British psychologist Charles Edward Spearman developed a method to measure
the statistical association (relationship) between two variables, say x and y, when only ordinal
{or rank) data are available. This implies that Spearman’s rank correlation coefficient
method is applied in a situation where quantitative measure of qualitative factors such as
judgment, brands personalities, beauty, intelligence, honesty, efficiency, TV programmes,
leadership, colour and taste cannot be fixed but individual observations can be arranged
in a definite order (or rank). The ranking is done by using a set of ordinal rank numbers
with 1 for the individual observation ranked first; 2 for the individual observation ranked
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second and so on either in terms of quantity or quality. Mathematically, Spearman’s rank
correlation coefficient is defined as
3
R=1- % (18-4)
n(n” 1)

where R is rank correlation coefficient; R, is rank of observations with respect to first
variable; R, is the rank of observations with respect to second variable; d = R; — Ry is
difference in a pair of ranks; and n is the number of paired observations or individuals
being ranked.

The number ‘6" in the formula as scaling device ensures that the possible range of
R is from -1 to 1.

Advantages and Disadvantages of Spearman’s Gorrelation Goefficient Method
Advantages
(i) This method is easy to understand and its application is simpler than Pearson’s
method.
(ii) This method is useful for correlation analysis when variables are expressed in
qualitative terms.

(iii) This method is developed to measure the statistical association (relationship)
between two variables, say x and y, when only ordinal (or rank) data are available.

Disadvantages

(i) Values of both the variables are assumed to be normally distributed and describing
a linear relationship rather than non-linear relationship.

(ii) A large computational time is required when pairs of values of two variables
exceed 30.

(iii) This method cannot be applied on grouped data to measure the association
between two variables.

Gase I: When Ranks Are Given

If observations in a data set are already arranged in a particular order (rank), then take the
differences in pairs of observations to determine the difference, d. Square these differences
and obtain the total. Apply the formula to calculate Spearman’s correlation coefficient.

Example 13.8: The coefficient of rank correlation between debenture prices and share
prices is found to be 0.143. If the sum of the squares of the differences in ranks is given to
be 48, then find the values of n.

Solution: Apply the formula of Spearman’s correlation coeflicient:
65d>
n(n® - D
Given R = 0.148, %d® = 48 and #="7. Substituting values in the formula, we get
6x 48 283
—_—= - ——
n(n®-1) n'—-n
0.143(n> —n) = (n® - n) — 288
n3-n-336=0 or n-7)(n2+Tm +48)=0

This implies that either n =7 = 0, thatis,n = 7 or n% + 7Tn + 48 = 0. Butn® + 7n +
48 = 0 on simplification gives undesirable value of n because its discriminant 52 — 4ac is
negative. Hence,n = 7.

R=1-

0.143 =1-
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Example 13.9: The ranks of 15 students in two subjects A and B are given below. The two

numbers within brackets denote the ranks of a student in A and B subjects, respectively.

(1,10), 2.7, 3,2), 4.6), (5.4), (68, (73, &I
9, 11), (10, 15), (11, 9), (12, 5), (13, 14), (14, 12), (15, 13)

Find Spearman’s rank correlation coefficient. [Sukhadia Univ., MBA, 2006]

Solution: Since ranks of students with respect to their performance in two subjects are

given, calculations for rank correlation coefficient are shown below:

Rank in A Rank in B Difference d?
R, R, d=R,-Ry
1 10 -9 81
2 7 -5 25
3 2 1 1
4 6 -2 4
5 4 1 1
6 8 -2 4
7 3 4 16
8 1 7 49
9 11 -2 4
10 15 -5 25
11 9 2 4
12 5 i 49
15 14 -1 1
14 12 2 4
15 13 2 4
zd? = 272
2

Apply the formula, R =1- Eﬁ%}:—d = e BX—2272

nd—n 15{(15)2 - 1}

=1-16%2 _ 1 _ 04857 = 0.5143

3360

The result shows a moderate positive correlation between performances of students

in two subjects.

Example 13.10: There are 12 clerks working in a office. The long-serving derks feel
that they should get seniority increment based on length of service built into their salary
structure. Based on assessment of their efficiency by the HR department a ranking of
efficiency was developed. The ranking of efficiency together with a ranking of their length

of service is as follows:

Ranking according
to length of service : 1 2 3 4 5 6 7 8 9 10 11 12
Ranking according
to efficiency ;2 3 5 1 9 10 11 12 8 7 6 4

Do the data support the clerks’ claim for seniority increment?

[Sukhadia Univ., MBA, 2000)]

Solution: Since ranks are already given, calculations for rank correlation coefficient are

shown below:
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Rank According to Rank According Difference d?
Length of Service to Efficiency d =R, -R,
R, R,
1 2 -1 1
2 3 -1 1
3 5 - 4
4 1 3 9
5 9 -4 16
6 10 -4 16
7 11 -4 16
8 12 -4 16
9 8 1 1
10 7 3 9
11 6 5 25
12 4 8 64
Td? = 178
. 63 d>
Applying the formula, R=1- n(nz—l)
6x178 1068
19(144 - 1) 1716 A

The result shows a low degree positive correlation between length of service and
efficiency, the claim of the clerks for a seniority increment based on length of service may
not be justified.

Example 13.11: Ten competitors in a beauty contest are ranked by three judges in the
following order:

Judge 1: 1 6 5 10 3 2 4 9 7 8
Judge2: 3 5 8 4 7 10 2 1 6 9
Judge3: 6 4 9 8 1 2 3 10 5 7

Use the rank correlation coefficient to determine which pair of judges has the nearest
approach for judgment of beauty. [MD Univ., MBA, 2004]

Solution: The pair of judges who have the nearest approach for judgment of beauty can
be obtained in *C, = 3 ways as follows:
(i) Judge 1 and judge 2.
(ii) Judge 2 and judge 3.
(iil) Judge 3 and judge 1.

Calculations after comparing the ranking of judges are shown below:

Judge 1 Judge 2 Judge 3 df = (R, - R, df = (R, R;)? d? = (R; - R))?

Ri R? RS
1 3 6 4 9 25
6 5 4 1 1 4
5 8 9 9 1 16

10 4 8 36 16 4
3 7 1 16 36 4
2 10 2 64 64 0
4 2 3 4 1 1
9 1 10 64 81 1
i 6 5 1 1 4
8 9 7 1 4 1

200 214

=]
<=
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Applying the formula
65dl [ _6x200 _ . 1200

Ryp=1-—2A— =1- = =21

n{n" 1) 10(100 - 1) 990
2

Ry =1-—2f g _Ox214__, 1981 _ ;o
| nin” =1) 10(100 -1) 990
6T da 6 x 60 360

R,=l-— = ]o—0 =22 =063
13 n(n?—1) 107100 —1) 990

Since the correlation coefficient R4 = 0.636 is highest, the judges 1 and 3 have nearest
approach for judgment of beauty.

Case 2: When Ranks Are Not Given

If observations in a data set are not arranged in a particular order (rank), then ranks are
assigned by taking either the highest value or the lowest value as rank one and so on for
values of both the variables.

Example 13.12: Quotations of index numbers of security prices of a certain joint stock
company are given below:

Year Debenture Price Share Price
1 97.8 75.2
2 99.2 85.8
3 98.8 78.9
4 98.3 75.8
5 98.4 77.2
6 96.7 87.2
7 97.1 83.8

Use rank correlation method to determine the relationship between debenture prices
and share prices. [Calicut Univ., B.Cam., 2005]

Solution: Let us start ranking from the lowest value for both the variables as shown below:

Debenture Rank Share Price  Rank Difference & = (R, - R)?

Price (x) () d=R,-R,
97 .8 3 73.2 1 2 4
99.2 7 85.8 6 1 1
98.8 6 78.9 4 2 4
98.3 4 75.8 2 2 4
98.4 5 72 3 2 4
96.7 1 87.2 T -6 36
97.1 2 83.8 5 -3 9
Zd? = 62

. 6 Zd> 6 x 62

Applying the formula, R=1- =1-
pplymng B (7)3 7
=1-32 _ 1 _0107=-0107
336

The result shows a low degree of negative correlation between the debenture prices
and share prices of a certain joint stock company.






