ChapteolQ[

Hypothesis Testing

LEARNING OBJECTIVES

After studying this chapter, you should be able to

s explain why hypothesis testing is important.

true value of any population parameter.
¢ understand Type | and Type |l errors and its implications in making a decision.
¢ compute and interpret p-values.

+ interpret the confidence level, the significance level and the power of a test.

10.1 INTRODUCTION

Three techniques of inferential statistics namely, (i) a point estimate, (ii) confidence interval
that is likely to contain the true parameter value, and (iii) degree of confidence associated
with a parameter value which lies within an interval values, as discussed in Chapter 9,
helps decision makers in determining an interval estimate of a population parameters
value with the help of sample statistic along with certain level of confidence of the interval
containing those values.

Another method of estimating the true value of population parameters is to test the
validity of the claim (assertion, belief, assumption or statement), also called kypothesis, made
about this true value using sample statistics.

10.2 HYPOTHESIS AND HYPOTHESIS TESTING

A statistical hypothesis (assertion, statement, belief or assumption) about an unknown
population parameter value is tested and analysed based on sample data. On the basis
of such a test, the hypothesized value of the population parameter is either accepted or
rejected. The process that enables @ decision maker to test the validity (or significance) of his claim
by analysing the difference between the value of sample stalistic and the corvesponding hypothesized
population parameter value is called hypothesis testing. Few examples of hypothesis are

If there is an
opportunity to make

a mistake, sooner or
later the mistake will
be made.

—Edmond C. Berekely

s know how to establish null and alternative hypotheses about a population parameter.
* develop hypothesis testing methodology for accepting or rejecting null hypothesis.
+ use the test statistic z, ¢t and F to test the validly of a claim or assertion about the
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Hypothesis Testing: The
process of testing a
statement or belief about
a population parameter
by the use of information
collected from a
sample(s).

* A judge assumes that a person charged with a crime is innocent and subject this
assumption (hypothesis) to verification by reviewing the evidence and hearing
testimony before reaching to a verdict.

¢ A pharmaceutical company claims the efficacy of a medicine against a disease that
95 per cent of all persons suffering from the said disease get cured.

e An investment company claims that the average return across all its investments is
20 per cent, and so on.

10.21 Formats of Hypothesis

As stated earlier, a hypothesis is a statement to be tested about the true value of population
parameters using sample statistics. To examine whether any significant difference exists or
not between true value of population parameters and sample statistics, a hypothesis can be
stated in the form of If.._, then statement. Consider, for example, the following statements:

e Ifinflation rate has decreased, then wholesale price index will also decrease.
e Ifemployees are healthy, then they may take sick leave less frequently.

If terms such as ‘positive’, ‘negative’, ‘more than’ and ‘less than’ are used to make a
statement, then such a hypothesis is called directional hypothesis and indicates the direction
of the relationship between two or more populations under the study with respect to a
parameter value as illustrated below:

e Side effects of particular medicine were experienced by less than 20 per cent of
people.
e Greater stress causes lower job satisfaction to employees in any organization.

The non-directional hypothesis indicates the relationship but does not indicate the
direction of relationship. In other words, there may be a significant relationship between
two populations with respect to a parameter, even than nothing can be said whether the
relationship would be positive or negative. Similarly, even if two populations differ with
respect to a parameter, nothing can be said whether parameter value of any population
will be more or less. The following examples illustrate non-directional hypotheses.

e The relationship between age and sick leaves.
e The difference between average pulse rates of men and women.

10.5 RATIONALE FOR HYPOTHESIS TESTING

If a hypothesis claim or assumption is made about the specific value of population
parameter, then it is expected that the corresponding sample statistic is close to the
hypothesized parameter value. It is possible only when hypothesized parameter value
is reasonably close to true value of parameter and the sample statistic turns out to be the
good estimator of the parameter value. This approach to test a hypothesis is called a test
statistic.

Since sample statistics are random variables therefore their sampling distributions
show the tendency of variation. Consequently, sample statistic value is not expected to be
exactly equal to the hypothesized parameter value. The difference, if any, is due to chance
and/or sampling error. But if the value of the sample statistic differs significantly from the
hypothesized parameter value, then hypothesized parameter value may not be correct
and increases the doubt about the correctness of the hypothesis.

In statistical analysis, difference between the value of sample statistic and hypothesized
parameter is specified in terms of the probability whether the particular level of difference
is significant or not. The probability that a particular level of difference exists by chance
can be calculated from the known sampling distribution of the test statistic.

The probability with which a decision maker concludes that observed difference
between the value of the test statistic and hypothesized parameter value cannot be due to
chance is called the level of significance of the test.



HYPOTHESIS TESTING 321 |

10.4 GENERAL PROGEDURE FOR HYPOTHESIS TESTING

As mentioned before to test the validity of the hypothesis about the population parameter,
a sample is drawn from the population and analysed. The results of the analysis are used
to decide whether the claim is true or not. The general procedure for testing a hypothesis
is summarized below:

Step 1: State the Null Hypothesis and Alternative Hypothesis

The null hypothesis, H, represents the claim or statement made about the value or range
of values of the population parameters. The capital letter H stands for hypothesis and
the subscript ‘zero’ implies ‘ro difference’ between sample statistic and the parameter value.
Thus, hypothesis testing requires that the null hypothesis be considered true (status quo or
no difference) until it is proved false on the basis of results derived from the sample data.
The null hypothesis is expressed using mathematical sign (<, =, >) to make a claim about
specific value of the population parameter as follows:
HU RS = 2)

where u is population mean and p, represents a hypothesized value of u. Only one sign
out of < = and > will appear at a time when stating the null hypothesis

An alternative hypothesis, H |, is the counter claim or statement made against the value
or range of values of the population parameter. Thus, an alternative hypothesis represents
the claim that specific value or range of values of the population parameters is not equal
to the value claimed in the null hypothesis and is written as

Hy:p=p,
Consequently, H,:p<pjorH, :p>y,

Each of the following statements is an example of a null hypothesis and alternative
hypothesis

L) Ho:p=p0; H11M¢J~l{)
o Hj:p<py Hi:p>yp,
o Hj:pzpg Hi:p<y

Few examples of directional and non-directional hypothesis are as follows:

Directional Hypothesis
H, : The average pulse rates of men and women are same.
H, : Men have lower average pulse rates than women.

Non-directional Hypothesis

H,, : The verbal abilities of men and women are same.
H, : The verbal abilities of men and women are different.

Step 2: State the Level of Significance, ¢ (alpha)

The level of significance, usually denoted by « (alpha), is specified before the samples are
drawn, so that the results obtained should not influence the choice of the decision maker.
The level of significance is specified in terms of the likelihood (probability) of rejecting
a null hypothesis when it is true, ie. it is the risk thal a decision maker lakes of rejeciing the
null hypothesis when it is really true. Usually, oo = 0.05 is considered for consumer research
projects, o = 0.01, for quality assurance and a = 0.10 for political polling.

Step 3: Establish Gritical or Rejection Region

The area under the sampling distribution curve of the test statistic is divided into two
mutually exclusive regions (areas) as shown in Fig. 10.1. These regions are called the
accepitance region and the rejection (or critical) region.

Null Hypothesis: The
hypothesis which is
initially assumed to be
true, although it may in
fact be either true or false
based on the sample data.

Alternative
Hypothesis: The
hypothesis concluded
to be true if the null
hypothesis is rejected.
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The acceptance region represents the range of values of the sample statistic spread
around the null hypothesized population parameter. 1f values of the sample statistic fall within
the range (limits) of acceptance region, the null hypothesis is accepted, otherwise it is

rejected.
Figure 10.1 a/2 = Significance level
Areas of Acceptance and
Rejection of H, (Two-tailed Acceptance
Test) Rejection region, 1 — o Rejection
region, o/2 (Hp 15 accepted) region, /2

Critical Critical
value, zy9 value, zymo

Reject Hy ~—| |—> Reject Hy

The rejection region represents the values of the sample statistic that fall outside the
limits of the acceptance region. Consequently, null hypothesis is rejected. The size of the
rejection region is related to the level of precision to make decisions about a population
parameter.

Rejection Region: The The value of the sample statistic that separates the regions of acceptance and rejection
range of values that will  is called critical value, i.c. the level of significance o is used as the cut-off point which separates
lead to the rejection of a  the area of acceptance from the area of vejection.

null hypothesis.
Decision Rules

o [fprobability (H is true) < a, then reject H,
e If probability (H, is true) > «, then accept Hy,

Step 4: Select the Suitable Test of Significance or Test Statistic

The tests of significance or test statistic are classified into two categories: parametric and
non-parametric tests. The data for parametric tests are derived from interval and ratio
measurements. Whereas data for non-parametric tests are derived from nominal and
ordinal measurements. Certain assumptions for parametric tests of significance are as
follows:
(i) Each element (or member) of the population should have equal chance of being
selected every time a sample is drawn from the population.
(ii) The samples should be drawn from a normally distributed population.
(iii) Normally distributed populations should have equal variances.

Non-parametric tests of significance do not specify normally distributed populations
or equality of variances.

Critical Value: A table Selection of Tests of Significance
value with which a test
statistic is compared to
determine whether a (i) Number of samples: one, two or k samples?

null hypothesis should be (i) Samples are independent or not?

rejected or not. (ii1) Measurement scale chosen: nominal, ordinal, interval or ratio?

The following three factors are considered for choosing a particular test of significance:

Besides above information, investigator should also know (i) sample size, (ii) number of
samples and (iii) whether data have been weighted.

The value of test statistic is calculated from the distribution of sample statistic by using
the following formula:

Value of sample statistic — Value of hypothesized population parameter

Test statistic = —L
Standard error of the sample statistic
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The choice of the nature of probability distribution of a sample statistic is guided by

the sample size # and the value of population standard deviation o as shown in Table 10.1
and Fig. 10.2.

Table 10.1: Choice of Probability Distribution

Sample Size n Population Standard Deviation o

Knouwn Unknown
*n > 30 Normal distribution Normal distribution
* n < 30, population Normal distribution  {-distribution

being assumed normal

Figure 10.2
. Choice of the Test Statistic
Is the population normal?
No Yes
Is population
Is sample e
. >P3 0; standard deviation,
izl 6 known
No | Yes No | Yes
use a
s use z-test use i-test use z-test
non-parametric .. SR -
statistic statistic statistic
test
z=f—_uori;j'l 1=f_”' z=___”
sin  shn siNn. ol

Step 5: Formulate a Decision Rule to Accept Null Hypothesis

Compare the calculated value of the test statistic with its critical value (also called standard
table value of test statistic). The decision rules for null hypothesis are as follows:

e [If the test statistic value falls within the area of acceptance, then accept the null,
hypothesis, H,

e Otherwise reject, H,,.

In other words, if the calculated absolute value of a test statistic is less than or equal to
its critical (or table) value, then accept the null hypothesis otherwise reject it.

10.5 DIREGTION OF THE HYPOTHESIS TEST

The location of rejection region (or area) under the sampling distribution curve determines
the direction of the hypothesis test, i.e. either lower tailed or upper tailed of the sampling
distribution. It indicates the range of sample statistic values that would lead to a rejection
of the null hypothesis. Figures 10.1, 10.3(a) and 10.3(b) illustrate the acceptance region
and rejection region for a null hypothesized population mean, p, by three different ways
of formulating the null hypothesis.

(i) Null hypothesis and alternative hypothesis stated as
Hy:p=p, and H,:p=#p,

imply that the sample statistic values which are either significantly smaller than
or greater than the null hypothesized population mean, p,, value will lead to
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rejection of the null hypothesis. Hence, it is necessary to keep the rejection region
at ‘both tails’ of the sampling distribution of the sample statistic. This type of test
is called two-tailed test or non-directional test as shown in Fig. 10.1. If the significance
level for the test is a per cent, then rejection region equal to o/2 per cent is kept
in each tail of the sampling distribution.

(i) Null hypothesis and alternative hypothesis stated as

Hy:p <py and Hj:p>p, (Right-tailed test)
or Hy:pu>p, and H, :p<p, (Lefi-tailed test)
imply that the value of sample statistic is either ‘higher than ’ or ‘lower than ’

than the hypothesized population mean, p,, value. This leads to the rejection
of null hypothesis for significant difference from the specified value u; in one

One-tailed Test: The
test of a null hypothesis
which can only be

rejected when the sample direction (or tail) of the sampling distribution. Thus, the entire rejection region
test statistic value is in corresponding to the level of significance, o per cent, lies only in one tail of the
one extreme end of the sampling distribution of the sample statistic as shown in Figs 10.3(a) and (b). This
sampling distribution. type of test is called one-tailed test or directional test.

Rejection

Rejection Region, o

Region, o

H = Hy
Critical value, z, Critical value, z,,

Reject Hy -—I |—— Reject Hy

Fig. 10.3 (a) Hy p2 pg Hy:p < g Left-tailed Test Fig. 10.3 (b) Hy: b <y, Hy: > g, Right-tailed Test

10.6  ERRORS IN HYPOTHESIS TESTING

Type I Error: The Since decision to reject or accept a null hypothesis is based on sample data, there is a
probability of rejectinga  possibility of an incorrect decision or error. A decision maker may commit two types of
true null hypothesis. errors while testing a null hypothesis as shown in Table 10.2.

Table 10.2 Errors in Hypothesis Testing

Decision State of Nature
Hy is True H,y is False
Accept Hy, Correct decision Type II error (B)
with confidence (1-a)
Reject H, Type I error (o) Correct decision (1 — B)
Level of Type | Error: This is the probability of rejecting the null hypothesis when it is true and an
Significance: The alternative hypothesis is wrong. The probability of making a Type I error is denoted by

probability of rejecting a
true null hypothesis due
to sampling error.

the symbol a. It is represented by the area under the sampling distribution curve over the
region of rejection.

The probability of making a Type I error is referred to as the level of significance.
The probability of this error is decided by the decision maker before the hypothesis test is
performed and based on his tolerance in terms of risk of rejecting the true null hypothesis.
The risk of making Type I error usually depends on the cost and/or goodwill loss. The
complement (1 - o) of the probability of Type I error measures the probability of not
rejecting a true null hypothesis and is referred to as confidence level.
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Type Il Errar: This is the probability of accepiing the null hypothesis when it is false and an
alternative hypothesis is true. The probability of making a Type II error is denoted by the
symbol .

The probability of making a Type II error varies with the actual values of the
population parameter being tested when null hypothesis H;, is false. The probability of
committing a Type II error depends on five factors: (i) the actual value of the population
parameter being tested, (ii) the level of significance selected, (iii) type of test (one or two
tailed test) used to evaluate the null hypothesis, (iv) the sample standard deviation (also
called standard error), and (v) the size of sample.

A summary of certain critical values at various significance levels for test statistic z is
given in Table 10.3.

Table 10.3 Summary of Certain Critical Values for Sample Statistic z

Rejection Level of Significance, o per cent
i «=010  a=005 0.01 a=0.005
One-tailed region +1.28 +1.645 +2.33 +2.58
Two-tailed region +1.645 +1.96 +2.58 +2381

10.6.1 Power of a Statistical Test

Another way of evaluating the goodness of a statistical test is to look at the complement of
Type II error, which is stated as

1 - B = P(reject H, when H | is true)

The complement 1 - B of B (probability of Type-II error) referred to as power of a
statistical test measures the probability of rejecting H, when it is true.

Ilustration Suppose null and alternative hypotheses are stated as
H;:p=80and H, : p =80
For all possible values of the population mean, p, the probability of committing
Type II error is required to be calculated.
Suppose a sample of size n = 50 is drawn from a population to compute the probability
of committing Type II error for a specific value of the population mean, p. Let sample
mean so obtained be ¥ = 71 with a standard deviation, s = 21. For significance level,

a = 0.05 and a two-tailed test, the table value of z, ,; = £1.96. But calculated value from
sample data is

1= —— = ——— =-3.08
oy 21/+/50
Since absolute value, z; = — 3.03, is more than its critical z; 5, = *1.96, the null

hypothesis H, is rejected. The rejection of null hypothesis leads to either make a
correct decision or commit a Type 11 error. If the population mean is p = 75 instead of
p = 80, then probability of committing Type II error is determined by computing a critical
region for the sample mean, X,. This value is used as the cutoff point between the area
of acceptance and the area of rejection. If any other sample mean is less than (or greater
than for right-tail rejection region), X,, then null hypothesis is rejected. Solving for the
critical value of mean gives

= Zop +1.96 =280
T e O 21/50

X, =80 %582 or 74.18to085.82

If critical value falls in the range X, = 74.18 to 85.82, then probability of accepting the
false null hypothesis H, : u = 80 atp = 75 is calculated as follows:
_ 74.18-75

- B o
‘17 91,950

Type II Error: The
probability of accepting a
false null hypothesis.

Power of a Test: The
ability (probability) of
a test to reject the null
hypothesis when it is
false.
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The corresponding area under normal curve forz; = - 0.276 is 0.1064.
85.82-75
Zg = ——— = 3.643
7 2150

The corresponding area under normal curve for z, = 3.643 is 0.4995

Hence, probability of committing Type II error (B) falls in the region:

p="P(74.18 < ¥ < 85.82) = 0.1064 + 0.4995 = 0.6059

The probability 0.6059 of committing Type II error (B) is the area to the right of
X, = 74.18 in the sampling distribution. So, the power of the testis I - p = 1 — 0.6059

= 0.3941 as shown in Fig. 10.4(b).

Figure 10.4 (a)
Sampling Distribution with

Hy: =80
o/2 = 0.025 a/2 = 0.025
&
- 1.96 4 p=0 1 1.96
<+ Reject Hgl |- Reject Hy—
1 1

1
I
1
1 : 1
74.18 =

Figure 10.4 (b)
Sampling Distribution with

Hy =75

z=-0.276

To keep probability of committing error of either Type I or Type II low depends on
the cost of committing such an error. However, if cost is high in both the cases, then to
keep both Type I or Type II errors low, it is preferred to have large sample size and a low

level of significance, o, value.

Special Case : Suppose hypotheses are defined as
Hy:p=80and H;: n < 80

Givenn = 50,s = 21 and ¥ = 71. For o = 0.05 and lefi-tailed test, the table value
79,05 = —1.645. The calculated value of z from sample data is

F-p _ 71-80
TS 210

For z;,;, = -1.645, the critical value of the sample mean, %,  at population mean,

p=_80is x, =75.115.
The null hypothesis, H,, will be rejected for any value less than critical value of mean,

X, = 75.115, as shown in Fig. 10.5 (a). The distribution of values when the alternative
population mean value p = 78 is true is shown in Fig 10.5(b). The null hypothesis, H,, will

not be rejected when sample mean falls in the acceptance region, x, >75.151.
Thus, new critical value of z for the area to the right of & > 75.151 is as follows:

-p _ 75115-78
7= £t = =-0.971
L e 21//50
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Critical value

|
Figure 10.5 (a)
Sampling Distribution with
Hy:pn=80

a = 0.05 ctalto
== Z
z=-1.645] e ]
: I
751151 178 p=80

2=-0.971 p=0

B:

Figure 10.5 (b)
Sampling Distribution with

0.8340
Hy:p=78

The corresponding area under normal curve for z; = — 0.971 is 0.3340.ve.

Hence, probability of committing Type II error (P) falls in the region:

B="P(75115 < X,

C

< 80) = 0.3340 + 0.5000 = 0.8340

The probability 0.8340 of committing Type II error (B) is the area to the right of
X, = 75.115 in the sampling distribution. So, the power of the testis 1 - § = 1 - 0.8340

= 0.1660 as shown in Fig. 10.4(b).

Conceptual Questions 10A

Discuss the difference in purpose between the
estimation of parameters and the testing of statistical
hypothesis.

Describe the various steps involved in testing of

hypothesis. What is the role of standard error in

testing of hypothesis? [Dethi Univ., M.Com, 2005]

What do you understand by null hypothesis and level

of significance? Explain with the help of one example.

[HP Univ, MBA, 2003]

What is a test statistic’ How is it used in hypothesis

testing?

Define the term ‘level of significance’. How is it related

to the probability of committing a Type I error?

(a) Explain the general steps needed to carry out a
test of any hypothesis.

(b) Explain clearly the procedure of testing
hypothesis. Also point out the assumptions in
hypothesis testing in large samples.

This is always a trade-off between Type I and Type 11

errors. Discuss. [Delhi Univ., M.Com, 2006]

When should a one-tailed alternative hypothesis be

used? Under what circumstances is each type of test

used?

10.

11.

12.

13.

14.

. Explain the general procedure for determining a

critical value needed to perform a test of a hypothesis.

. What is meant by the terms hypothesis and a test of a

hypothesis?

Define the standard error of a statistic. How it is

helpful in testing of hypothesis and decision-making?

Define the terms ‘decision rule’ and ‘critical value’.

What is the relationship between these terms?

(a) How is power related to the probability of making
a Type II error?

(b) What is the power of a hypothesis test? Why is it
important?

(c) How can the power of a hypothesis test be
increased without increasing the sample size?

Write short notes on the following:

(a) Acceptance and rejection regions

(b) Type I and Type II errors

{c) Null and alternative hypotheses

(d) One-tailed and two-tailed tests

When planning a hypothesis test, what should be

done if probabilities of both Type I and Type 11 are to

be small?
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10.7 HYPOTHESIS TESTING FOR POPULATION PARAMETERS WITH LARGE
SAMPLES

Hypothesis testing for population parameters with large samples (z>>30) is based on
the assumption that the population from which the samples are drawn has a normal
distribution. Consequently, sampling distribution of mean, X  is also normal. Since
sample size is large therefore even if the population does not have a normal distribution,

the sampling distribution of mean X is assumed to be normal due to the central limit
theorem.

10.71 Hypothesis Testing for Single Population Mean
Two-tailed Test

Let p, be the hypothesized value of the population mean, , to be tested. For this, the null
and alternative hypotheses for two-tailed test are defined as

Hy:p=py or p-py=0
and H,:p=zp,

Population standard deviation (o) is known : Since sample size is large therefore sampling

distribution of mean, ¥ is assumed to be normal due to the central limit theorem. The
z-test statistic is given by

X—p _x—p
Ox U/\/H

In this formula, the numerator, ¥ — u, measures the difference (in an absolute sense)

Test-statistic, z =

between the observed sample mean, ¥  and the hypothesized mean, p. The denominator
represents the standard error of the mean, so z-test statistic represents how many standard
errors (deviations) the sample mean, X is from the actual population mean, p.

Population standard deviation () is unknown : In this case, the sample standard deviation, s,
is used to estimate population standard deviation, o. The z-test statistic is given by
x—p
s/
The rejection area is represented by two-tails of the sampling distribution of mean,
X, so that half of the level of significance, /2, falls in each tail of the distribution. Hence,

z,;o represents the standardized normal variable corresponding to o/2 in both the tails of
the distribution as shown in Fig 10.1.

=

Decision Rules

e Ifcalculated value, z | is more than its absolute critical value, i.e., z_ > | Zam
reject null hypothesis, H,.

, then

e Otherwise accept, H,,

where z_, is the table value (also called critical value) of z at a chosen level of significance a.

Left-tailed Test

Large sample (r > 30) hypothesis testing about a population mean for a left-tailed test is
of the form
Hy:p2p, and H;:p<py,

X-p_ x—pu

g% U/\/’E

Test statistic, z =
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Decision Rules

e Ifz, <-z,, (critical table value), then reject null hypothesis, H()'
¢ Otherwise accept H,,

Right-tailed Test

Large sample (n > 30) hypothesis testing about a population mean for a right-tailed test
is of the form
Hy:p<p; and H,:pu>p,

X-p_x-p

Ox o/ \/'-';

Test statistic, z =

Decision Rules

e Ifz >z, (critical table value), then reject the null hypothesis, H,,.

¢ Otherwise accept H,

10.7.2 Relationship Between Interval Estimation and Hypothesis Testing

Consider following statements of null and alternative hypothesis
o Hy:u=pgand H; : p#y, (Two-tailed test)
e Hy:p<pgand H; : p>p, (Right-tailed test)
e Hy:pzpzand Hy : p<p, (Left-tailed test)
The following are the confidence intervals in all above three cases where hypothesized

value i, of population mean, p, is likely to fall. Accordingly, the decision to accept or reject
the null hypothesis will be taken.

Two-tailed Test
Two critical values CV | and CV,, one for each tail of the sampling distribution is computed Two-tailed Test: The test
as follows: of a null hypothesis which
can be rejected when
(a) Knownga {b) Unknown o the sample statistic is in
. ., either extreme end of the
Normal population : P'my sample Any population : ]_:arge sample samplingdigributian,
size, n size, n
Any population : Large sample
size n
CV, = ng-z,90% CVy = po-z49%
CVy=py + zyp 05 CVy = pytzyp sz

Decision Rules

e Reject Hywhen x <CV, or ¥ 2CV
e Accept Hy when CV,<x < CV,.

9

Left-tailed Test
The critical value for left tail of the sampling distribution is computed as follows:
(a) Known o (b) Unknown o
Normal population : Any sample Any population : Large sample
size, n size, n
Any population : Large sample
size, n

CV=p,-z, 0% CV=p,-z, 5%
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Decision Rules

* Reject Hy when ¥ <CV.
e Accept Hywhenx > CV.

Right-tailed Test
The critical value for right tail of the sampling distribution is computed as follows:
(a) Known o (b) Unknown o
Normal population : Any sample Any population : Large sample
size, n size, n
Any population : Large sample
size, n
CV=yp, +z,0; CV=p, + 2z, s
Decision Rules

e Reject Hy when ¥ > CV.
* Accept Hywhen ¥ < CV.

Example 10.1: Individual filing of income tax returns prior to 30 June had an average
refund of ¥1200. Consider the population of ‘last minute’ filers who file their returns
during the last week of June. For a random sample of 400 individuals who filed a return
between 25 and 30 June, the sample mean refund was 1054 with standard deviation of
T1600. Using 5 per cent level of significance, test the belief that the individuals who wait
until the last week of June to file their returns to get a higher refund than early filers.
Solution: Let null hypothesis H, : Individuals who wait until the last week of June to file
their returns get a higher return than the early filers, i.e.

Hy: u>1200 and H,;:pu< 1200

Figure 10.6

Rejection Acceptance
Region Region
X
2y = —1.645 u= 1200
<— Reject Hy—] z2=10

Givenn = 400,5s = 1600, ¥ = 1054, o = 5 per cent. Using z-test statistic, we have

¥-u _ 1054-1200 146

= = =- — =-1.825
“T W 1600400 80
Since the calculated value, z_; = — 1.825 is less than its critical value Iy = -1.645 at

o = 0.05 level of significance, the null hypothesis, H, is rejected as shown in Fig. 10.6.
Hence, we concude that individuals who wait until the last week of June are likely to
receive a refund of less than ¥1200.

Alternative Approach: CV = py -z, 0= 1200 - 1.645x (1600//400)
=1200-131.6 = 1068.4
Since ¥ (= 1054) <CV(= 1068.4), the null hypothesis H;, is rejected
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Example 10.2: A packaging device is set to fill detergent powder packets with a mean
weight of 5 kg with a standard deviation of 0.21 kg. The weight of packets can be assumed
to be normally distributed. The weight of packets is known to increase over a period of
time due to machine fault, which is not tolerable. A random sample of 100 packets is taken
and weighed. This sample has a mean weight of 5.03 kg. Can we conclude that the mean
weight produced by the machine has increased? Use a b per cent level of significance.
Solution: Let null hypothesis H, : Mean weight of packets produced by the machine has
increased, i.e.,

Hy:p25andH,: p<5
Given n=100, ¥ =5.03 kg, 5 =0.21 kg and o =5 per cent. Using z-test statistic, we have

T-p _ 503-5 _ 0.03
= = = — 1.498
T Gdn 0214100 0.021

Rejection
Region

Since calculated value, z_, = 1.428 is less than its critical value z, = 1.645 at a= 0.05,
the null hypothesis, H; is accepted. Hence, we conclude that mean weight produced by
the machine has increased more than 5 kg.

Alternative Apprroach: CV = py + z,= 5+1.645% (0.21//100)
=5+ 0.034 = 5.034
Since (X = 5.03) < CV(= 5.034), H,, is accepted.
Example 10.3: The mean life time of a sample of 400 fluorescent light bulbs produced
by a company is found to be 1600 hours with a standard deviation of 150 hours. Test the

hypothesis that the mean life time of the bulbs produced in general is higher than the
mean life of 1570 hours at o. = 0.01 level of significance.

Solution: Let null hypothesis H,, : Mean life time of bulbs is higher than 1570 hours, i.e.
H;:p=1570 and H, : p < 1570
Given n = 400, x =1600 hours, s = 150 hr and a = 0.01. Using z-test statistic, we have
X—p _ Xx-p _ 1600-1570 _ 30 _
ox sin 150//400 7.5

Since the calculated value, z_,; = 4, is more than its critical value z, = + 2.33, the H,,
is rejected. Hence, we conclude that the mean lifetime of bulbs produced by the company
is not higher than 1570 hours.

Alternatively Approach: CV =, + z, sz = 1570 + 2.33x (150/+/400)
= 1570 + 17.475 = 1587.475

Since x (= 1600) > CV(= 1587.47), the null hypothesis H is rejected.

=

Example 10.4: A continuous manufacturing process of steel rods is said to be in ‘state
of control’ and produces acceptable rods if the mean diameter of all rods produced is 2
inches. Although the process standard deviation exhibits stability over time with standard
deviation, ¢ = 0.01 inch. The process mean may vary due to operator error or problems
of process adjustment. Periodically, random samples of 100 rods are selected to determine
whether the process is producing acceptable rods. If result of a test indicates that the

Figure 10.7
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fp-value: The probability
of getting the sample
statistic or a more
extreme value, when null
hypothesis is true.

process is out of control, it is stopped and the source of trouble is identified. Otherwise, it
is allowed to continue operating. A random sample of 100 rods is selected resulting in a
mean of 2.1 inches. Test the hypothesis to determine whether the process is be continued.
Solution: Since rods that are either too narrow or too wide are unacceptable, the low values
and high values of the sample mean lead to the rejection of the null hypothesis. Consider
the null hypothesis H, that the process may be allowed to continue when diameter is 2
inches. Consequently, rejection region is on both tails of the sampling distribution. The
null and alternative hypotheses are stated as follows:

H, : p = 2 inches (continue process)

H, : p # 2 inches (stop the process)

Givenn = 100, ¥ = 2.1, c = 0.01, o = 0.01. Using the z-test statistic, we have

- _ x-p _  21-2 _ 0.1
oy c/\n 0.01/4100  0.001

“|

= 100

Since z_,, =100 value is more than its critical value z,,, = 2.58 at o = 0.01, the null

hypothesis, H; is rejected. Thus, stop the process in order to identify the source of trouble.
Alternative Approach: CV) =1y =249 0z = By — 2o (c/n)
=2-258 X (0.01/4100) =2-0.003 = 1.997

CVy =y + 200 =2+ 2.58% (0.01/4100)
=2+ 0.003 =2.003

Since X (= 2.1) = CVy(= 2.003), the null hypothesis is rejected.

Example 10.5: An ambulance service claims that it takes on the average 8.9 minutes to
reach its destination in emergency calls. To check on this claim, the agency which licenses
ambulance services has then timed on 50 emergency calls, getting a mean of 9.3 minutes
with a standard deviation of 1.8 minutes. Does this indicate that the average time claimed
is too low at the one per cent significance level?

Solution: Let Null hypothesis H;= Average time claimed and observed are same. The null
and alternative hypotheses are stated as follows:
Hy:p=89 and H;:p=+89
Givenn = 50, ¥ = 9.3, and s = 1.8. Using z-test statistic, we get
- X—p _ X—p _ 93-89 _ 0.4
S sim 1.8/3/50  0.254

Since z_, = 1.574 in less than its critical value z , = +2.58 at a = 0.01, the null
hypothesis is accepted. Hence, we conclude that there is no difference between the average
time observed and claimed.

= 1.574

10.7.3 p-value Approach to Test Hypothesis of Single Population Mean

The p-value is another approach to test null hypothesis about population mean based on
a large sample. This approach is also referred to as observed significance level approach
(smallest significance level, a, for which null hypothesis can be rejected). The p-value
measures the strength of evidence against null hypothesis That is, p-value indicates the
actual risk of committing Type I error when the true null hypothesis is rejected based on
the observed value of the test statistic. In other words, p-value is the probability of observing
a sample statistic that is more than the value of test statistic given that the null hypothesis H,, is true.
The advantage of this approach is that the p-value can be compared directly to the level
of significance o.

e The smaller the p-value, the more evidence there is against null hypothesis, H,,.

e A small p-value indicates the value of the test statistic is unusual given the
assumption that null hypothesis, H, is true
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Decision Rules

(a) For aleft-tailed test, the p-value is the area to the left of the calculated value of the test
statistic. For example, ifz ) = — 1.76, then the area to the left of it is 0.5000 - 0.4608
= (.0392 or the p-value is 3.92 per cent.

(b) For right-tailed test, the p-value is the area to the right of the calculated value of the
test statistic. For example, if z_; = +2.00, then the area to the right of it is 0.5000
-0.4772 = 0.0228 or the p value is 2.28 per cent.

Decision rules for lefi-tailed test and right-tailed test are as under.
e Reject H;, if p-value <a
e Accept Hy if p-value >a

(c) For a two-tailed test, the p-value is twice the tail area. If the calculated value of the
test statistic falls in the left tail (or right tail), then the area to the left (or right) of the
calculated value is multiplied by 2.

e Ifzisin the upper tail (z > 0), find the area under the standard normal curve to
the right of z.

e Ifzisin the lower tail (z < 0), find the area under the standard normal curve to
the left of z.

¢ Double the tail area obtained in step 2 to obtain the p-value

¢ The rejection rule: reject H,, if the p-value < a.

Example 10.6: An auto company decided to introduce a new six cylinder car whose mean
petrol consumption is claimed to be lower than that of the existing auto engine. It was
found that the mean petrol consumption for 50 cars was 10 km per litre with a standard
deviation of 3.5 km per litre. Test the claim that in the new car petrol consumption is 9.5
km per litre on the average at 5 per cent level of significance. [HP Univ., MBA, 2001]
Solution: Let Null hypothesis, H,= Difference is not significant between the company’s
claim and the sample average value, i.e.,

H,: p= 95 km/itre and H,:p=+9.5 km/litre

Given ¥ = 10,2 = 50,5 = 8.5, and z_, = 1.96 at a = 0.05 level of significance. Using

the z-test statistic, we get
X—pu _E-p _ 10-9.5
o sin 8.5A/50
Since z,; = 1.010 is less than its critical value z o = 1.96 at a = 0.05 level of

significance, the null hypothesis is accepted. Hence, we can conclude that the new car’s
petrol consumption is 9.5 km/litre.

= 1.010

=

The p-value Approach

For z_, = 1.010, the cumulative probability is 0.3437. The p-value = 0.5000 - 0.3437 =
0.1563. The p-value is the area to the right as well as left of the calculated value of z-test
statistic (for two-tailed test). Since z_; = 1.010, then the area to its right is 0.5000 - 0.3437
= 0.1563.

Since it is the two-tailed test, p-value becomes 2(0.1563)=0.3126. Since 0.3126 >
a =0.05, null hypothesis Hy, is accepted.

Example 10.7: A sample of 100 tyres is taken from a lot. The mean life of these tyres is
found tobe 39,350 km. with a standard deviation 0of 3260 km. Could the sample come from
a population with mean life of 40,000 km? Establish 99% confidence limits within which
the mean life of tyres is expected to lie. [Delhi Univ., B.A. (Eco. H), 2001

Solution: (a) Let us take the null hypothesis that there is no significant difference between
the sample mean and the hypothetical population mean. Calculating standard error of
means as follows:

Standard error, oy = =596 -

&a
le
5 no
o‘%
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Since.s = E—1 _ 40,000 - 39,350 _ 650

o5 326 326
is less than the table value, z = 2.58 at 1 per cent level of significance, therefore the null
hypothesis is accepted. Hence difference (if any) could have arisen due to fluctuation of
sampling.
(b) 99% confidence limits: ~ x + 2.568 o = 39,350 = 2.58 (326)
= 39,350 = 841.08
Hence the mean life, ¥ of tyres is expected to lie between 38,509 and 40,191.

=1.994

Example 10.8: The lifetime of electric bulbs for a random sample of 10 from a large
consignment gave the following data :
Item : 1 2 3 4 5 6 7 8 9 10
Life in ‘000 hours: 42 46 39 41 53 38 39 43 44 56
Can we accept the hypothesis that there is no significant difference in the sample mean
and the hypothetical population mean, u = 4.
Solution: Let us take the hypothesis that there is no significant difference in the sample

mean and the hypothetical population mean. Calculations for sample mean x and standard
deviation, s are shown in Table 10.4. Applying the i-test,

jo Eop . 44-4 0.4

= = = =2.150.
svn 0.589/4/10  0.186
Table 10.4 Calculation of x and s

x (x-X)=(x-44) (x — 4.4)°
4.2 -0.2 0.04
4.6 0.2 0.04
3.9 -0.5 0.25
4,1 -0.3 0.09
5.2 0.8 0.64
3.8 0.6 0.36
3.9 0.5 0.25
4.3 0.1 0.01
4.4 0 0
5.6 1.2 1.44
44 3.12

_ =2
where ¥ = lEx:ﬁ =44, and s = T —%) =1/3'12 =0.589;
n 10 n—1 9
Since the calculated value ¢

a1 18 less than its table value, £, = 2.262 atdf =n -1 =
10 - 1 = 9, therefore hypothesis is accepted. Hence, there is no significant difference in
sample mean life and population mean life of bulbs.

Example 10.9: 10 workers are selected at random from a large number of workers in a
factory. The number of items produced by them on a certain day are found to be : 51, 52,
53, 55, 56, 57, 58, 59, 60.

In the light these data, would it be appropriate to suggest the mean of the number of
items produced in the population is 58?7 [M.D. Univ., M.Com., 2006)
Solution: The calculations for sample mean, X and standard deviation, s are shown in Table
10.5. Let us take the hyothesis that there is no significant difference in the sample mean
and hypothetical population mean.
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I
Table 10.5 Calculationof ¥ and s

x (x—x)=(x-56) (x-56)
51 -5 25
52 = 16
53 5 9
55 =1 1
A 0 0
57 1 1
58 2 4
59 3 9
59 3 9
60 - 16
560 90
X = Ezﬂzsﬁ,ands = ||,zm—‘_x_)?=\/@=3.162
n 10 n-1 9

_%-p _ 56-58
t= =] =
s/\in 3.162/3.162

Applying i-test,

Since calculated value, ¢_; = 2 is less than its table value ¢, = 2.262 at o = 0.05 and
df = 9, the hypothesis is accepted. Hence, the mean of the numbers of item produced in
the population is 58.

10.7.4 Hypothesis Testing for Difference Between Two Population Means

If there are two independent populations, each having its mean and standard deviation as

Population Mean Standard Deviation
1 K 9
2 Ha e

then hypothesis testing procedure explained in the previous section is modified to test
whether there is any significant difference between the means of these populations.

The Procedure

Let two independent random samples of large size n, and n, be drawn from the first and
second population, respectively. Let the sample means so calculated be % and %, . The
z-test statistic used to determine the difference between the population means (u, — py) is
based on the difference between the sample means ( ¥, — %5 ) because sampling distribution
of two mean values has the property E(x — %) = (1, —1y). This test statistic will follow the
standard normal distribution for a large sample due to the central limit theorem.
The z-test statistic is
F )~ (- po) _ (§—F) — (b — 1p)

Test statistic, z =

O - % 2 2
1~ X2 o3 O¢
21, D2
) Ty
where oy _g, is standard error of the statistic (% - %;); % — Xy is difference between two

sample means, i.e., sample statistic; and u; -, is difference between population means,
i.e., hypothesized population parameter.

If o2 =c%, the above formula algebraically reduces to
(% -%) — (i —ny)

1 1
o |—+—
n RNy

=






